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This research explores the question of how best to
remediate the math skills of adult college students.

Two

bodies of literature relating to adults and poor
mathematical performance are reviewed,

and a summary of one

of the most influential theories of learning is presented.
First,

the literature on adult learners is reviewed to

gain insight into characteristics of and assumptions about
adult learners.

The second body of literature explores

psychological factors contributing to poor mathematical
learning.

Research on math anxiety,

women and math is reviewed,

math avoidance,

and

along with research on

interventions implemented by colleges to help students
overcome negative feelings about their ability to learn
math.

The third summarizes Jean Piaget's theory of

intellectual development and its relevance to adult
learners.
In-depth interviews were conducted with nine

"good"

college instructors who teach developmental mathematics to

v

both traditional and non-traditional undergraduates.

The

teachers were asked to talk about their experiences learning
math#

their teaching philosophies and methods,

observations about adult mathematics students.
the instructors'

and their
Students in

current classes answered open-ended

questions in an anonymous written survey.

The surveys

asked students to describe their instructor's teaching
methods,

their feelings about learning math since being in

the class,

and their beliefs about the role age plays in

ability to learn math.
The responses of the teachers and students indicate
that 1)

cognitive ability to do math does not change with

age,

ability to learn basic math depends on two main

2)

factors: motivation and having a "good" teacher and,

3)

good

college remedial mathematics teachers are non-threatening;
use a student-centered,

active learning approach;

stress

understanding over memorization and rote computation;

and

focus on developing reasoning, problem solving and higher
order thinking skills.
The conclusion of the dissertation is that a Piagetian
approach to teaching basic math is as applicable to older
students as it is to younger learners, but that more
research is needed to determine the ways in which
differences,

other than cognitive, between age groups can

help or hinder mathematics learning.
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CHAPTER 1
STATEMENT OF THE PROBLEM AND RELATED LITERATURE

Statement of the Problem
One of the major concerns of college educators is that
entering college students lack basic mathematical skills
which are considered prerequisite not only for college but
for the vocations as well.

This concern is indicated by the

dramatic rise in enrollment in college and vocational school
remedial arithmetic,
courses.

general mathematics and algebra

From 1960 to 1980,

remedial mathematics

enrollments in universities and four-year colleges increased
by 165%

(Usiskin,

1985).

In two-year colleges,

where 42% of

mathematics enrollments were in remedial courses,

dealing

with remediation was described as the biggest problem facing
two-year college mathematics
Fleming,

faculty

(Fey,

Albers,

and

1981).

Today,

adult re-entry students make up a large and

increasing proportion of enrollments in four-year colleges
and universities,

two-year colleges,

technical institutes.

In 1978,

was just under ten million
the 1990s,
enrollments

and vocational-

the number of adult students

(Darkenwald & Merriam,

1982).

adults will account for nearly half of all
(Shannon,

1985).

Research shows that a large

percentage of these older students need remediation in

In

mathematics as much as the traditional-age students
(Fredrick,

1984).

The report from the first National

Assessment of Education Progress
et al.,

1978),

(NAEP)

testing

(Carpenter,

which periodically assesses the mathematical

performance of American students,

indicated that adults

performed only slightly better than 17-year-olds.

Only 60

percent of adults were able to answer word problems with
decimals and percents as compared with 50 percent of the 17
year-olds.

There were similar error rates

algebraic equations.

In another study,

found high error rates

for interpreting

Lochhead

(1980)

for high school and college faculty

when they were asked to translate a linear equation into a
sentence.
It has long been apparent that traditional mathematics
education at the elementary and secondary school levels has
not been effective for a large majority of students.
results of the first and second NAEP assessments
et al.,

1978)

The

(Carpenter

painted a bleak picture of overall

mathematical performance for 9,

13 and 17-year-olds.

Particularly disconcerting was the significant decline in
performance of the 17-year-olds from 1973 to 1978.
results

from the third

et al.,

1983)

NAEP assessment in 1982

The

(Carpenter,

showed improvements for the younger students

in basic computational skills involving whole numbers but
continued poor understanding of many basic concepts
involving fractions,

decimals,

and percents.

The 17-year-

olds performed better than the 13-year-olds in some
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computational exercises, but,

like the younger students,

showed large deficits when the problems involved more than
simple computations of decimals and fractions.

The most

prominent finding was that students could not apply the
mathematics that they had learned to solve real-life
problems requiring analysis or non-routine approaches in
their thinking.

Even after two or three years of college

preparatory mathematics courses, many students leave school
with only a superficial, mechanical knowledge of
mathematics,

frustrated in their attempts to really

understand it and unable to apply it in any real situation.
Equally important is the fact that the elementary and
secondary students who were assessed in the 70*s are the
returning adult students of the 90's.

If many of them were

deficient in mathematical skills then,

it is not surprising

that,

as returning students,

they are still mathematically

deficient and in need of remediation.

Furthermore,

if

traditional methods of teaching mathematics failed for them
in the past,

it is fair to assume that using these same

methods ten or fifteen years later will be redundantly
ineffectual.
And yet,

as a rule,

the typical college remedial

mathematics course subjects students to the same format for
learning mathematics that they experienced in their pre¬
college schooling.

In lecture courses,

arithmetic and

algebra topics are presented in rapid succession, with more
emphasis on memorizing number facts and algorithms than on
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understanding the underlying concepts.

Learning is assumed

to take place through drill and practice homework exercises
from textbooks which present concepts with only minimal
explanation and a few sample problems

(Narode,

1988).

If

students had difficulty in gaining anything more than a
superficial, mechanical knowledge of mathematics under these
conditions before,

why would one assume that they would

fare any better under them in college?
Compounding the comprehension and application
deficiencies is the widespread prevalence among mathdeficient students of what has been termed "math anxiety"
(Buerk,

1983;

Buxton,

1981; Tobias,

1987),

a state of

extreme anxiety and panic associated with learning or using
mathematics that interferes with learning mathematics and
generally results in avoidance of it in any form. Math
anxiety is often further exacerbated for adults by conflicts
in self-image:

in many other aspects of their working and

day-to-day lives,

they feel confident in their ability to

think critically, make logical decisions,

learn new

information and solve many types of problems.
comes to mathematics,

But when it

they have a long history of not only

not understanding it, but fearing it,

and are convinced that

they are innately incapable of learning it.
Many factors have been identified as underlying causes
of math anxiety. A large number of studies have attempted to
determine whether math anxiety in adults can be attributed
to sex-related differences in mathematical ability (Fennema,
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1977; Holden,
experiences
(Hendel,

1987), previous mathematical learning

(Smith,

1979),

a poor mathematical self-view

1980), misconceptions about the nature and

usefulness of mathematics

(Fennema,

1977),

or a combination

of causes.
There have been numerous clinics and programs
instituted by colleges and universities to help older
students overcome math anxiety.

These include counseling

and support groups that address misconceptions about
mathematics and students'

negative feelings about their

ability to do mathematics

(Hendel,

1977),

as well as

workshops that teach relaxation and other anxiety reducing
skills

(Trent,

1986).

Some researchers

(e.g.

Kostka,

1986)

have combined techniques for reducing math anxiety with
techniques for improving study skills.

In many cases,

anxiety was reduced, but with little effect on mathematical
performance

(Kostka,

Alternately,
Galassi,

1984;

1986).

a few researchers

Siegel,

Galassi,

(Fulkerson,

& Ware,

1985)

Galassi,

&

argue that

educators should concentrate primarily on improving adults'
mathematics skills, with the assumption that math anxiety
will be reduced as understanding of and confidence in doing
mathematics increases.

However,

these researchers say

little about how an effective content-based intervention for
adults should be structured and taught.
While these studies provide some insight into the
causes of math anxiety and some suggestions for
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interventions,

they leave many questions about how to help

adults overcome their problems with learning math
unanswered.

At best they indicate that a therapy model that

only addresses the fears and beliefs underlying poor
mathematical learning is insufficient for improving
performance.

Do adults respond differently than younger

students to interventions?

Are some ways of teaching adults

math better than others in helping them overcome their
anxieties?

Will math anxiety simply cease to be a problem

once a person begins to have success,
in understanding math?

no matter how small,

Clearly, more research is needed

that focuses on the interactive effects of different types
of math curricula and teaching methods,
and beliefs,

and students'

fears

research that also draws on what is known about

learning in general and adult learners in particular.

Research Questions
Given the growing number of older college students in
need of remediation in math,
math anxiety,

the debilitating effects of

and the lack of research on college teaching

practices that effectively address these problems,

the main

question for this study is: What is the best way to teach
college adults basic math skills? In order to address this
question,

this study first considers the more basic issue of

what is an adult learner and whether adults differ from
younger learners in ways that are important to their
learning of mathematics.

This leads to questions about
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factors that inhibit math learning and issues about the
learning process itself.

Only after coming to some

conclusions about adult math learners can the study focus
clearly on the question of effective teaching practices.

Goals of the Dissertation
There are two main goals of this dissertation.

The

first is to provide educators, particularly mathematics
instructors, with realistic pictures of college adult basic
mathematics learners.

The second goal is to provide

descriptive data from college remedial mathematics teachers
and students against which to test theories and assumptions,
and from which to gain insights into the factors that
influence adults'

learning in basic math courses.

The

ultimate goal is to help instructors develop mathematics
curriculum, methods and learning environments that enable
adults to realize their potential as mathematicians and
problem solvers.
A further, methodological,

goal is to demonstrate the

usefulness of basing discussions about learning and teaching
on the observations and responses of teachers and students
engaged in the process.

Literature Reviews
This chapter explores literature in three areas
relating to adults and college remedial mathematics.

The

first section presents some of the most influential thinking

7

by theorists about adults who return to college: who they
are, why they return to college,
characterized.

and how they can be

An important background issue for this

dissertation is the prevailing assumption by adult educators
that adults are different than younger college learners and
must,

therefore, be taught differently.

The assumption that

college adults need to be taught differently than younger
undergraduates has been widely accepted by the adult
education community but,

as will be shown,

is untested

either generally or in specific subject areas such as
mathematics.
The second section explores what is known about the
psychological factors that negatively affect mathematics
learning and the types of interventions that have been used
to help students overcome these negative effects.
The third section presents an overview and discussion
of the work and theories of Jean Piaget,

one of the most

influential learning theorists in today's educational
community.

Although Piaget's research focused mainly on the

cognitive development of children and adolescents,

it has

become increasingly apparent that many of his ideas on
learning are applicable to learners of all ages.

Adult Learners
Who Are They?
According to Knowles

(1988),

an "adult" is a person

whose self-concept is one of being responsible for his or
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her own life and who is self-directed to assume the social
roles -- full-time worker,

spouse, parent -- that society

acknowledges as being responsible roles.

In Knowles'

view,

the self-directedness that defines an adult is achieved only
by assuming these responsibilities.
An "adult learner" is generally defined as one who,
after leaving school or college and taking on the
responsibilities of adulthood,

returns to school or engages

in an informal or formal learning project. Most researchers
use the chronological criterion of age 25 or older for
determining adult learner status. The implied assumption is
that most students over 25 years of age are persons who are
primarily engaged in their adult roles and who see their
role as students as subordinate.
The focus of this dissertation will be on adults over
25 years who have returned to college or are entering for
the first time,

and who are engaged in a formal program of

education.

Why Do Adults Return to College?
The "knowledge explosion" and the rapid changes in
technology and society have resulted in an increasingly
complex world.

As society changes,

so,

too,

do individuals.

Education is an important vehicle of change for individuals.
However,

as Darkenwald and Merriam (1982)

point out,

education is not just a means for "keeping up" with change,
but can also be "a vehicle for transforming society,
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for

enabling people to direct the course of change rather than
merely react to it"

(p.4).

In this view,

returning to

college is one way in which people attempt to direct the
course of their lives and,

ultimately,

of the society in

which they live.
In a less philosophical vein,

the primary reasons

people give for returning to school are job-related
1981).

(Apps,

They seek new skills to enter the work-force for the

first time,

to get a better job,

their current job,

to adapt to new demands in

or for career advancement.

Women in

particular regard formal education as necessary to compete
for better paying,
professionals,

more challenging jobs.

such as teachers,

Many

return to fulfill

requirements mandated for continued licensing or to keep up
with new developments and technology in their fields.
Darkenwald and Merriam

(1982)

attribute the dramatic

increase in adult college enrollments to several phenomena.
First,

there are simply more adults in the age group most

likely to return to college.

In the United States,

as a

result of increased life expectancy and the fact that the
postwar baby boomers

(one-fifth of the population)

are now

entering middle-age,

the number of adults in the 35-to-44

age group will increase from 25 million in 1980 to 41
million by the year 2000.
Second,

recent research

(Darkenwald and Merriam,

1982)

has shown that those who have had more preparatory schooling
are more inclined to continue their education as adults than
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those with less schooling.
valued in our society,
in demand by employers,

As education has become more

and college degree certification more
the median number of years of

schooling completed by adults 25 and over has increased from
8.6 in 1940 to 12.5 in 1979.

In the same time period,

the

percent of adults over 25 who completed four or more years
of college rose from 4.6 to 16.4.

Therefore,

as the number

of adults with more preparatory schooling goes up,

so does

the number of adults enrolling in college.
The third phenomenon concerns the changing status of
women in the United States. Women currently make up more
than half of the undergraduate population in American
colleges and universities.

In 1979,

women were employed or seeking work,
continued to increase.

nearly 50% of married
and the percentage has

Married women seek work out of

economic necessity, but also because it has become
increasingly accepted for women to combine careers and
family.

Also on the rise are the number of unmarried women

who must provide the major support for themselves and their
children,

a feat virtually impossible on the income from

unskilled employment.

Women who dropped out of the labor

market to raise families,
it for the first time,

as well as those who are entering

return to college to acquire skills

and/or degrees that will enable them to enter better paying
and more interesting vocations.
employed,

For women who are already

college is seen as a necessary and desired means

to compete for advancement and higher pay within their
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current employment situation or to seek new, more
intellectually satisfying careers.
And,

lastly,

one of the most profound changes in the

work place in recent years,

affecting both men and women,

has been the trend for people to move from one major
occupational field to another,

requiring significant

retraining or education. Changing vocational categories is,
for some,

a matter of choice,

on new challenges.
survival.

a voluntary decision to take

For many, however,

it is necessary for

With the decline of agricultural, unskilled and

blue-collar work,

and the shift to service,

technical/professional jobs,

clerical and

farm and industrial workers,

suddenly unemployed due to factory shutdowns or employment
cutbacks,

frequently have no choice but to retrain for

entirely new, more viable vocations.

Increasingly,

they

look to programs at colleges and vocation/technical colleges
as an answer.
Given these trends -- a growing adult population in a
society that places increasing value on education,
changing status and economic needs of women,

the

and the rise in

vocational mobility -- which have an impact on men and women
in nearly every social and economic class,

it is obvious

that adult enrollments in colleges and universities will
continue to increase.
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Adult Intelligence
Underlying any discussion of adult learners are the
assumptions made about the effects of age on intelligence.
There has been a long-held belief in our society that
intelligence declines with age,
dog new tricks."

that "you can't teach an old

Cross-sectional studies in the early part

of the century appeared to confirm this belief

(Apps,

1981),

presenting a picture of intelligence as peaking around age
twenty-two and gradually diminishing thereafter.

However,

more recent longitudinal studies present a somewhat
different picture.
and aging
Willis,

The research on intellectual abilities

(as reviewed by Apps,

1978; Willis,

1985),

1981;

Cross,

1983;

Schaie &

indicates that, when subjects

are retested over the course of their lives,

they are found

to actually gain in performance as they grow older.
The discrepancy in results is attributable to the
nature of the earlier testing instruments, which were timed
examinations measuring speed of response more than
intelligence.

As age slows perceptual-motor responses,

people take longer to perceive, process,
upon information.

Thus,

on a timed intelligence test,

students are at a definite disadvantage.
which measured
to speed,

"power"

(conceptual abilities),

or better,

as opposed

number computation,

13

they

than they did when they were

Intellectual abilities such as spatial

orientation,

older

Later studies,

showed that when adults can control the pace,

perform as well as,
younger.

retrieve and act

verbal ability and

inductive reasoning were reported to show "modest
increments" with age, with significant declines appearing
only in the 60's and 70's
Also,

(Cross,

on timed examinations,

1983).
adults'

performance may

seem poorer because they take more time to make certain
their responses are correct before answering,

in contrast to

younger students who are trained more for speed than
accuracy,

or because they have difficulty giving a

simplistic answer to a test question when their experience
dictates that several alternate responses could be made.
Relevant to this discussion is Cattell's

(1963)

distinction between the "fluid" intelligence of youth,
characterized by quick insight, high ability to memorize
with heavy reliance on short-term memory,
deal with complex interactions;

and ability to

and the "crystallized"

intelligence he associates with older people's tendency to
learn through interpreting,

integrating and applying new

knowledge to experience.
It would seem,

then,

that some older students may need

more time to learn and assimilate new concepts, more time to
reflect and consider before being required to respond,

and a

learning environment that is oriented more to reasoning
skills than rote memorization.

However,

there is no

indication that these differences are related to changes in
cognitive ability.
students,

One might also ask whether younger

too, would do better in such a learning

environment.
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Characteristics of Adult Learners
In the past two decades,

as educators and researchers

have sought to build a unifying theory of adult learning and
education,

the adult education community has adopted a set

of assumptions about adult learners.
(1984),

According to Knowles

adult learners can be characterized along the

following parameters:

1.

Self-directedness.

themselves as responsible,

Adults have a self-concept of
independent and self-directing.

They have a deep psychological need to be seen and treated
by others as capable of self-direction.
detract

Situations that

from this independent self-image by placing them in

a dependent role are resented and,

whenever possible,

avoided.

2.

The role of the learners'

individual matures,

experience.

As an

he or she accumulates an expanding

reservoir of experiences and skills

far greater in quantity

and of a different nature than those of youths.

These

experiences provide an increasingly rich base to which to
relate new learning.

An adult's accumulated experiences

must be an integral part of any learning activity for the
very reason that
(Knowles,

1988,

"to an adult,
p.46)

his experience is who he is."

To ignore in the learning experience

an individual's wealth of experiences is to reject him or
her as a person.
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The diversity of each adult's experiences assures that
in any group of adults,

there will be a wide range of

individual differences in background,
needs,

3.

schooling, motivation,

interests and learning style.

Orientation to learning.

centered orientation to learning.

Adults have a problemThey are inclined to

engage in learning activities which they believe will help
them perform better in some aspect of their lives,

and they

learn best when the new knowledge is presented in the
context of familiar real-life applications.

4.

Readiness to learn.

The clues to adults'

to learn are different from those for children.

readiness

Children are

assumed ready to learn certain things when they are
biologically and academically ready to do so.

Adults,

on

the other hand, become ready to learn those things that will
help them to cope effectively with the developing roles
associated with marriage, parenting, work and social status.
As Darkenwald and Merriam (1982)

explain it,

"Adult learning

to a large extent consists of accumulated experiences that
influence problem solving strategies,

coping mechanisms and

adaptation to the tasks salient to different stages of
adulthood."

5.

(p.90)

The need to know.

Adults need to know why they need

to learn something before undertaking to learn it.
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They

need to perceive the value of new learning in improving
their performance of some skill or the quality of their
lives,

and they need to become aware of the gap between

their existing knowledge and the knowledge they must have to
get where they would like to be.

6.

Source of Motivation.

Adults are most highly

motivated to learn when the impetus comes from their own
desire for personal growth --increased job satisfaction,
self-esteem,

improved quality of life--rather than from

external factors such as higher pay, promotions or better
jobs.

There has been little controversy over these
assumptions, with one exception. The one major debate in the
literature revolves around the first assumption regarding an
adult's ability and need to be self-directed.

On one side it

is argued that because adults are self-directed in their
day-to-day lives,

they are capable of and have the desire to

be just as self-directed in their learning activities.
the other side,

On

it is argued that in reality the opposite

may be more the case.

Many instructors report anecdotal

evidence that older students upon re-entering the classroom
all too often have a conditioned response to schooling that
causes them to fall back into the dependent-learner mode of
their school days.

In accord with their past experience,

they expect the teacher to tell them what and how to learn.
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and resist and resent the educator's attempts to transfer
control over learning to them (Brookfield,
1988). At the same time,

1982;

Knowles,

taking this passive posture

conflicts with their non-school self-image as active,
autonomous and self-directing.

The conflict is further

compounded when instructors, particularly in formal
settings,

encourage learners to become more self-directed in

planning their learning activities, but at the same time
retain control over the criteria by which the learner is
evaluated.
Still,

as Pratt

(1988)

aptly points out, while adults

may desire and be able to take responsibility for their
general program of study,

in many instances they are simply

not capable of envisioning the curriculum or methods of
learning that will most effectively move them towards their
learning goals.

Adult learners may indeed need to know that

their expressed needs and goals have been taken into account
in the planning of their education, but it seems equally
important to recognize when they need the benefit of a
teacher's expertise in designing appropriate curriculum,
instructional methodologies and criteria for evaluation that
will help them develop beyond the limits of their existing
beliefs,

thoughts and behaviors

Darkenwald & Merriam,

The first,

(Brookfield,.1982;

1982).

and most startling,

observation to be made

about these assumptions is that they have been widely
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accepted by the adult education community (Brookfield,
without empirical evidence to support them.
experiential and anecdotal evidence,

1982)

Based on

the assumptions may

indeed give some general insights into adult learners'
needs, but they fail to provide evidence that adult needs
are different than those of younger college learners.

Nor

is there evidence that these assumptions apply equally to
all adult learning situations.
The second observation is that Knowles'
paint an idealized,

assumptions

simplistic picture of adult learners.

They imply that simply as a function of time lived and roles
assumed,

adults, by definition, will have developed into

better learners than they were as kids.

The assumption that

adults are categorically intellectually and emotionally
mature,

and able to learn whatever they desire,

appropriate motivation,

given

needs further investigation.

On what basis are these assumptions made?

Is there

evidence that adults are different than youths in their
cognitive learning processes?

While there is abundant

literature concerning adults' beliefs and feelings about
learning,

there is little to help us understand whether or

how these beliefs and feelings affect cognitive process.
know,

for instance,

We

that many adults are ambivalent and

anxious about returning to school as a result of job, peer
or family pressures,

or they may have deep-seated fears and

self-doubts about their ability to learn as a result of
negative school experiences in their past
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(Brookfield,

1982;

Miller,

1964)).

But we do not know how these feelings and

beliefs affect their ability to learn.
Third, while it may seem self-evident that the more
experiences a person has,
brings to learning,

the more knowledge he or she

and the easier learning should be,

it is

also evident that past experience can also hinder learning.
In the course of their lives, people develop many deeply
ingrained beliefs, mental habits and misconceptions that can
create mental barriers to new ideas or alternate ways of
thinking, barriers that can be highly resistant to change
(Brookfield,
And,

1982;

finally,

Knowles,

1988).

the assumptions seem to imply that an

individual adult, when sufficiently motivated, will have
equal learning ability in all subjects.

Avoidance and Low Achievement: Affective and Social Factors
To explore all of the research and perspectives
associated with poor performance in mathematics is beyond
the scope of this paper.

A beginning approach,

however,

will be to look at some of the affective and social factors
that underlie avoidance and low achievement.

Instructors of

adults must recognize the effects that deeply ingrained
negative beliefs and feelings about mathematics have had in
the past on these students,

and how they interfere with

their learning as adults.
Two categories of affective variables are most commonly
associated with avoidance of and poor achievement in
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mathematics.

The first is concerned with a person's

negative attitudes about 1) his or her ability to learn
mathematics, 2) the usefulness of mathematics, and 3) to
whom or what

(luck, effort, help from others) to attribute

successful performance in mathematics.
The second is concerned with the negative or
misconceived beliefs people hold about mathematics itself
and about learning mathematics.

Included in this category

are 1) beliefs about the nature of mathematics - that it is
a rigid, abstract, uncreative domain,
mathematical ability is innate,

2) beliefs that

something you either do or

do not have, 3) the belief that learning mathematics is a
matter of passively absorbing knowledge transmitted by the
teacher, and 4) the belief that learning mathematics entails
primarily the ability to memorize rules and formulas and to
compute the correct answer.
Social variables play a major role in forming and
maintaining these negative beliefs and attitudes about
mathematics.

These include 1) the influence of society's

prevailing view about the nature of mathematics, and, in
particular, stereotypes of mathematicians,

2)

socially

perpetuated myths about women and mathematics, and 3) the
influence of significant others (peers,

family, teachers and

counselors) on an individual's motivation and confidence to
learn mathematics.
This section will examine the ways in which these
affective and social variables interact and can interfere
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with an individual's ability to learn and do mathematics. Of
particular interest is the influence of these variables on
two groups of adult students: adults who experience "math
anxiety, " which is perhaps the most common and debilitating
characteristic of adults who avoid and do poorly in
mathematics; and adult women, who not only comprise the
majority of older remedial mathematics students, but are
frequently operating under the effects of a unique set of
sex-related myths and misconceptions about women and
mathematics.

Math Anxiety
One of the most common reasons people report for
problems learning or using mathematics is that they suffer
from "math anxiety."

Math anxiety is experienced by male

and female students of all ages, but it is reported more by
females and is especially a problem for older women
returning to college (Hendel,

1977).

Math anxiety is the term used to describe feelings of
extreme anxiety and panic that interfere with ability to
manipulate numbers,
mathematics.

Hendel

solve mathematical problems or to learn
(1977) defines it as "a lack of math

skills coupled with an attitude which makes it difficult to
develop and/or use such skills in an effective manner"
(pg.7). Buxton (1982) describes it as a "critical point"
where mounting tension,

frustration and irritation with

doing mathematics results in "a sense of paralysis, a
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freezing of the mind,
rigidity"

(p.

5)

linked often with physical tension and

- a state of panic.

People who experience

math anxiety report classic anxiety-related physical
symptoms when confronted with math. They feel cold or
sweaty, their hands become clammy,or their stomachs churn.
At some point, they say, their mind ceases to function
rationally.

Buxton (1982)

states that "the rapidity with

which a person reaches this point will depend upon how
strongly the preliminary negative feelings have been
reinforced in the past"

(p.6).

Typically, people who are math-anxious report that, as
youths, they did well in mathematics until suddenly a
concept was too hard to understand and, as they describe it,
their brain "went blank" or "seized up" or "an impenetrable
wall went up" - in a word, they panicked.

At the same time,

they experienced feelings of hopelessness,

shame and near

paranoia that others, especially the teacher, would find out
how stupid they were.

To avoid exposure, they did not ask

questions in class, became increasingly lost, and blamed it
all on their own inability to learn mathematics.

Their

response to mathematics in any form became one of extreme
anxiety and irrational panic.
What is it about mathematics that causes such a strong
and dysfunctional reaction for so many people?

One major

problem is that learning the basics in mathematics is a
sequential and cumulative process: addition must be
understood before subtraction, all of the arithmetic
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operations must be mastered in order to deal with fractions
and decimals, and the concept of a variable - the inevitably
confusing

" X " of algebra - must be understood in order to

do anything more.

To miss one step in the basics, while the

lessons continue to barrel along, can be very difficult and
frustrating for students.
Some researchers

(Buxton,

1982; Smith,

1979)

suggest

that the problem begins with the way that mathematics is
typically taught.

In traditional mathematics classrooms,

students are required to memorize mathematical facts,
operations, algorithms and rules, with little concern about
whether or not they have a full understanding of the
underlying concepts.

The demand, and reward (good grades,

praise), is for the "right" answer in the least amount of
time.

Even worse, the relevance of mathematics to real life

is obscured by textbook word problems that bear little
relationship to the problems young students might actually
encounter.

There are few opportunities for them to explore

mathematical ideas, discover mathematical relationships on
their own, or to see the creative side of mathematics.

Nor

are students given sufficient problem solving experiences
that would help them discover their abilities to think
mathematically.
Compounding the problem is the emphasis on speed.

It

is a common misbelief that competence in mathematics is
demonstrated by the speed with which a student solves
problems and completes tests.

For many people, the pressure
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to rapidly solve mathematics problems produces such extreme
anxiety they cannot think at all, even though under less
threatening conditions they might reason their way through
the problems.

If most of their mathematics experiences and

tests of learning demanded speed, and they invariably failed
under those conditions, is it any wonder that eventually
merely the thought of doing mathematics would evoke the
mental shut-down characteristic of math anxiety?
Another contributing factor, pointed out by Smith
(1977), has to do with

...the verbal ambiguities which particularly
frustrate the verbally gifted student "multiplication" of fractions, which results in
smaller ones, 'dividing' which results in larger
ones, "adding" positive and negative numbers when you
actually are "subtracting" or "subtracting" when you
actually are "adding".
The only way to survive in
such a world, they tell us, is to memorize; logic
just doesn't apply, (p.5)

This seems an important factor to recognize when
teaching people who are math-anxious.

If the semantics of

mathematics is the problem, and not the students'

ability to

understand the concepts, instructors must find a way to help
them disambiguate the language.
Associated with math anxiety are certain beliefs about
the nature of mathematics and about those who do well in it.
Math-anxious adults report that as youths they experienced
mathematics as rigid and abstract, and regarded it as a
subject that would have minimal usefulness in their lives.
They did not perceive that a lack of mathematics preparation
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would restrict their job opportunities and future ability to
grow and advance within a chosen job.

Consequently,

they

avoided taking any more than the minimum courses required to
graduate from high school,

and typically understood little

of what they were taught.
Math-anxious adults believed then,
to believe throughout their lives,

and have continued

that mathematics is for

mathematicians and mathematical geniuses,
not "a math person."

and that they are

Convinced that they do not have the

ability to learn mathematics,

they expect,

as adults,

repeat their high school failures and frustrations.

to

They

also continue to question the utility of once again going
through the agony of trying.

The cyclical interaction

between avoidance and low achievement,
and anxiety,

fueled by frustration

presents a formidable obstacle to their adult

learning of mathematics.
It should be noted, however,

that none of the above

explains why some people respond to the frustrations of
doing and learning mathematics with such extreme anxiety and
others do not.

In fact,

despite the wealth of studies on

math anxiety,

the results of research have been purely

descriptive.

The variables and pressures discussed above

are experienced by most students at some point in their
mathematical learning, but,

as yet,

no researcher has found

a single variable or set of variables that will predict
which of these students will become math-anxious.
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Women and Math
Negative self-beliefs about mathematical ability and
the usefulness of mathematics in one's life are the factors
most frequently associated with avoidance of mathematics and
poor mathematical achievement.

For women,

of sex-related beliefs - cognitive,

an additional set

social and academic -

come into play.

Cognitive Myths
Up until the mid 1970's,

the consensus from an

extensive body of research on sex-related differences in
mathematical ability and achievement was that females were
genetically inferior to males in ability to learn
mathematics.
believed,

These studies found,

and society at large

that, while there were no sex-related differences

in mathematics achievement in young children, male
superiority was evident by the time learners reached upper
elementary school or junior high school.

In addition, males

were declared superior on higher-level cognitive tasks,
as problem solving and critical thinking

(Fennema,

such

1980).

More recent studies do not show the same consensus
about male superiority in either the elementary or upperlevel grades.

To the contrary,

in studies that controlled

for number of mathematics courses taken,

sex-related

differences in mathematical achievement virtually
disappeared

(Fennema,

1980).

However,
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there is still

controversy over whether there are sex-related differences
favoring males in problem solving ability and in learning
styles that are more closely aligned with conventional modes
of instruction

(Fox,

1980).

Interestingly,

differences in

problem solving favoring males were found for those enrolled
in or who had not gone beyond courses in general
mathematics. Algebra I and II,

Trigonometry,

and/or

Probability and Statistics, but no differences were found
among those who were enrolled in or had completed Calculus,
Pre-Calculus or Geometry.

As Fennema

(1980)

points out,

the

question is not as much one of differences in ability, but
of differences in the number and levels of mathematics
courses taken.
Other cognitive variables that have been hypothesized
to account for sex differences in ability to do mathematics
include differential learning and practice of mathematical
knowledge and skills outside of school
spatial-visualization ability.

(Fox,

1980),

and

Spatial-visualization is the

ability to mentally move and/or change the properties of
objects.

It is particularly important for the learning of

geometry and has long been thought to correlate with other
mathematical abilities.

However,

results from empirical

studies on this correlation are mixed and inconclusive.

Even

less is known about the relationship between spatial
visualization and the mathematical learning of males and
females,

and,

according to Fennema

(1980)

and Fox

(1980),

recent studies do not support the hypothesis that sex
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differences in spatial abilities are a result of a sexlinked heredity factor.

Instead,

the critical factor

appears to be the amount of training in visual-spatial
skills,

particularly if begun at an early age.

Social Factors
If females have the same ability as males to learn
mathematics, why then do they avoid mathematics in high
school and,

consequently, become low mathematics achievers?

What are the variables that influence their participation in
math courses and math related careers and how might this
affect them as adult learners?

Three categories of social

factors have been investigated by researchers:

Sex-stereotyping of mathematics as a male domain.
Perceived utility of math courses.
Significant-others

(peers,

counselors,

parents and

(teachers).

Sex-role Stereotyping.
regarded as a male domain.

Mathematics has long been
Traditionally, men and women

alike have believed that men have a greater interest in and
ability for mathematical thought and math related careers
(Fox,

1980;

Stallings,

1985).

Typically, women have been

discouraged from pursuing mathematics on the grounds that
women should engage only in domestic roles,

or in non-

scientific or non-mathematical careers such as teaching and

29

nursing.

Females who studied mathematics were considered

masculine and led to believe that they would be unattractive
to men.
Boswell

(1985)

found that as early as age ten, many

girls believe that boys have better mathematical abilities.
Boswell also found that,

as females neared the 11th grade,

their perception of mathematics as appropriate or useful for
women became increasingly negative,
lower achievement scores.

and was correlated with

As a result of this stereotyping,

many high school females have low math self-concepts and
tend to underestimate their intellectual abilities
(Stallings,

1985).

In addition,

if a woman feels there will

be a conflict between a career and the traditional role of
homemaking,
role

she is more likely to choose the traditional

(Armstrong,

1985).

Boswell

(1985)

concluded that

"stereotypes associated with math are learned by children at
a very early age and that this knowledge affects their
participation and performance in math"

Perceived Utility of Math Courses.

(p.

196).

There is

considerable evidence to suggest that the decision to study
advanced mathematics courses in high school is influenced by
students'

career interests as early as grade 7

Research prior to the mid-70's found that,

(Fox,

1980).

in general, high

school females felt that preparation for marriage and family
was more important than preparing for a career.

Furthermore,

they did not perceive mathematics as necessary or useful for

30

homemaking or for the types of occupations or careers they
felt were appropriate for or accessible to women.
Consequently,

they did not pursue more advanced levels of

mathematics courses,

nor did they feel it was important to

do well in required courses.
Newer studies, however, have found that women now are
not only more career oriented at an early age, but are
almost as likely to perceive mathematics to be helpful in
earning a living as men,

and that differences in career

interests between men and women are diminishing
1985).

Clearly,

(Stallings,

it is important that females become aware at

an early age of the advantage of taking mathematics to keep
their options open,

and that the options are the same for

women as for men.

Significant Others'
teachers,

parents,

Influences.

The influence of

counselors and peers on females' beliefs

about their ability and need to learn mathematics has been
widely hypothesized.

The influence of peers and counselors,

which have been little studied,

appears to be negligible.

The research on parental influence is more extensive and the
conclusion,

not surprisingly,

is that encouragement and

educational expectations of parents are important influences
on females'

decisions to take mathematics courses.

Parents

were also found to have lower mathematics expectations for
their daughters than for their sons
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(Fox,

1980;

Stallings,

1985), yet another facet of the sex-related stereotypes
discussed above.
Teachers appear to have the most significant influence
on whether females participate or succeed in their
mathematics classes.
report that,

With disturbing frequency,

adult women

in their school days, when they had trouble

with mathematics,

their teacher's response was "You just

don't have the mind for math,"

"Don't worry,

there are lots

of jobs for women that don't require math," or similar
discouraging statements.
(the young females)

The teachers confirmed what they

already feared,

and from then on they

avoided mathematics if they could.
Anecdotal as the reports may be,

the frequency with

which they occur and the debilitating effect the teachers'
responses had on these females' motivation,

confidence and

ability to learn mathematics highlight the tremendous
influence teachers have on their students.
students believe,

Traditionally,

as most teachers would like them to,

that

the teacher is the authority on mathematics and on how to
teach it.

From this view,

if a student doesn't "get it,"

there is something wrong with the student.
several "help" sessions

If,

after

(in which the material is re¬

presented exactly like it was in class),

the student still

doesn't understand and the teacher pronounces the student
mathematically stupid, what basis does the student have to
believe otherwise?
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If,

in addition,

the student is female,

there is

evidence that she is even more likely to be discouraged by
her mathematics teachers.

Stallings'

finding by Dweck and Reppucci

(1973)

(1985)

review cites the

that mathematics

teachers provided different feedback to females than males
when students gave a wrong answer. When the males made
errors,
wrong,

the teachers helped them, but when the females were
the teachers asked another student to answer.

Studies

of teacher-student interactions in the mathematics classroom
found that teachers made more academic contacts with males
and give them more praise and feedback than females,

even

though the females participated as much and performed as
well as the males

(Fox,

1980).

Teacher influence on women has also been demonstrated
in studies such as Armstrong's
that,

for 12th grade females,

(1985), where it was found
teacher encouragement and lack

of stereotyping were significant predictors of mathematics
course-taking.
A somewhat more encouraging finding by both Eccles
(1985)

and Brush (1985)) was that teachers did not actively

discourage females from pursuing mathematics,
did not,
Thus,

although they

as a rule, particularly encourage them either.

it appears that the attitudes and behaviors of

mathematics teachers towards women are changing,
negative to,

at least,

neutral,

from

and that school-age females

today will not be subject to the same sex-biases with regard
to mathematics as they were in the past.
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The outlook today for younger females in mathematics is
encouraging.

The education community has made tremendous

efforts to encourage females to take advanced mathematics
courses in high school and college,
science-related vocations.

and to pursue math and

Through numerous programs and

workshops instituted in schools and colleges, young women
are becoming more positive about mathematics and more
confident about their own mathematical abilities.
current research
movement)

(helped,

And,

as

no doubt, by the feminist

dispels myths and stereotypes about women's

ability to do mathematics and succeed in math-related
careers, more young women are taking more mathematics
courses and doing well in them.
But,

for older women,

the effects of sex-role

stereotyping, beliefs about women's mathematical abilities,
and differential treatment by teachers has already taken its
toll.

Their beliefs about their lack of mathematical

ability,

reinforced by repeated failure, were formed twenty

or thirty years ago.

As adults,

they bring to the

mathematics classroom not only their deep-seated lack of
confidence, but their remembered frustrations from past
mathematics classes.

They expect,

be frustrated and fail,
Intellectually,

from long experience,

even as they hope to succeed.

they hold a more modern view of women's

potential in mathematics, but emotionally,

they are

operating under the effects of the traditional myths.
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to

It is important,

therefore,

for mathematics educators

of adults to actively and overtly acknowledge these
inhibiting influences,

and to include in their teaching

carefully designed methods to help women overcome them.

Interventions
Women and Mathematics
In the past decade,

numerous programs,

clinics and

workshops have been instituted to improve students'
participation and achievement in mathematics.
women and mathematics,

With regard to

most interventions have been

implemented at the elementary,

junior high and high school
*

levels,

based on the assumption that early intervention will

encourage more females to pursue mathematics which will in
turn increase the likelihood that they will do well in it
and be encouraged to take more advanced courses.
discussed earlier,

As

substantial efforts have been made,

through teachers and counselors,

to dispel the myths and

negative sex-stereotypes associated with women and
mathematics,
careers.

and to encourage females to pursue math-related

In general,

these efforts have brought about an

improvement in the beliefs and attitudes of both students
and teachers.
However,

improving female students'

mathematical

performance appears to hinge more critically on what
transpires in the classroom--the way in which mathematics is
presented and taught,

the enthusiasm of the teacher for
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mathematics and the teacher's equal encouragement of
students,

regardless of their sex

(Casserly & Rock,

For adult women who are re-entering college,

1985).

there is

little in the literature to indicate that colleges and
universities have specifically addressed these issues.
often,

at this level,

More

the issue of women and mathematics is

incorporated into interventions

for math avoidance and math

anxiety.

Math Anxiety and Math Avoidance
At the college and university level,

clinics,

and programs dealing with math anxiety abound.
strategies have been employed.

workshops

Two basic

One attempts to deal

directly with the psychological and emotional aspects of
math avoidance and math anxiety on the assumption that
mathematics cannot be learned until the emotional blocks are
removed.

The other strategy attempts to alter the

instructional approach in order to enhance liking,
enjoyment,

confidence and achievement in mathematics.

This

latter approach is based on the belief that the best way to
learn mathematics is through immersion in mathematical
problems,

concepts and exercises.

Psychological Interventions.
strategists,
employed a

such as Tobias

(1978)

Psychological
and Trent

(1985)

"therapy" model in which the objective is

math-anxious students to gaine more control of their
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have
for

learning by first developing coping skills,
risks and to persevere,

altering problem-solving strategies,

and learning from their mistakes.
Trent,

1985)

Some programs

(e.g.

use systematic desensitization techniques,

as requiring students to record,
their anxious

learning to take

feelings.

such

on tape or in journals,

Most emphasize the benefits of

sharing feelings with other class members.

All stress the

importance of making the classroom atmosphere non¬
threatening and non-competitive,
between teachers and students,

and of establishing trust

although how this

is to be

accomplished is not clear.
These psychological approaches appear to alleviate many
of the symptoms of math anxiety and to improve attitudes
towards
out,

learning mathematics,

but,

there is no evidence that,

as Handel

(1979)

points

in these programs,

psychological interventions alone had a significant impact
on achievement.

Rather,

as Lantz

(1985)

strongly suggests,

it is changes in instructional techniques,
with psychological interventions,

in combination

that have the greatest

impact on achievement.

Combined Interventions.

Programs at the college level

that have both improved students'

ability to do mathematics

and reduced anxiety are those that have incorporated
psychological components into a non-traditional
instructional design and classroom environment.
such programs have been instituted by Smith
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Examples of

(1979)

at

Wesleyan College,
University,
Bayliss

Kosta and Wilson

Hendel

(1979)

(1977)

(1986)

at West Virginia

at the University of Minnesota and

at Allegheny Community College.

of diagnostic tests of mathematics skills,

On the basis

instructors in

these courses tailored teaching techniques to individual
needs.

Emphasis was placed on the process of problem

solving,

rather than on the product,

divergent thinking.

and on encouraging

Students in these classes typically

worked non-competitively in small groups and were encouraged
to explore each other's reasoning and solution methods.
critical,

though highly subjective,

A

element was the

selection and training of teachers and tutors who were
patient and approachable,

committed to a student-centered

teaching approach and willing to work as a team with the
psychological staff.
Concurrent with instruction,

students in these programs

participated in small group sessions in which counselors
helped them recognize and deal with their feelings and
anxieties about the mathematics they were learning,

the

negative messages they were giving themselves about their
ability to learn mathematics,

and their debilitating

emotional responses to mathematical frustrations.
The component parts of these programs and their general
approaches to teaching mathematics appear to be quite
similar,

although the proportion of time dedicated to

psychological counseling and the length of the course varied
from program to program.

Evaluations of the success of the
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programs were predominantly based on comparisons of pre- and
post-tests of achievement and attitudes,

and on comments

made by the students.
Missing in the reports of these intervention studies
are examples of curricular materials,
situations,

protocols of student-teacher,

or student-student interactions,
studied.

It is,

therefore,

descriptive level,

or the content areas

difficult to assess,

beyond a

emotional responses and performance

more importantly,

together.

student-counselor

which elements were more significant in

improving attitudes,
and,

sample problem solving

how the component parts worked

On the other hand,

since effective teaching is

primarily dictated by the changing behaviors and responses
of individual students,

it would be understandably difficult

to highlight particular interactions as a basis

for

generalizing.

A Cognitive Theoretical Perspective
In addition to physiological,

psychological and

motivational models of adult learners,

it is important that

educators develop a theoretical perspective on the cognitive
and epistemological development of the adults in their
classrooms.

Having a theoretical perspective gives teachers

a guiding framework for planning and assessing learning
goals
that

for their students and for developing teaching methods
foster those goals.

people learn,

The more we understand about how

the better able we will be to provide them
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with a coherent body of learning experiences that result in
real understanding.
As stated earlier,

the theories of Jean Piaget have

become one of the major frameworks for shaping present day
educational goals,
areas.

practices and research in many subject

While his research was extensive and diverse,

including studies on the development of language,
conceptions of reality and causality,
moral behavior and judgment,

scientific notions,

mathematical concepts and operations,
theoretical

perception,

memory,
and logico-

it is his larger

framework for understanding and fostering

intellectual processes that has greatest significance for
educators.

The power of this

framework is its generality--

it provides epistemological insights that are applicable
across all areas of human learning.
Thus,

while Piaget's detailed analysis of the

development of specific mathematical and logical thinking is
certainly of interest to mathematics teachers,

it is his

general theories of the development of intelligence and
cognitive processes that can be most useful in guiding their
teaching practices.
Piaget's research techniques and models of intellectual
development have also contributed significantly to other
fields,

such as child development and cognitive psychology.

The educational community not only draws directly from his
work,

but benefits from the research and findings in other

fields that stem from his ideas.
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The pervasiveness of his influence can be marked by the
extent to which he is represented in academic arenas: his
work and ideas are an integral part of a large proportion of
education,

child development and psychology courses;

cited in most journals in these areas;

and his theories

provide the take-off point for countless books,
workshops,

articles and dissertations.

he is

conference

The effect of his

influence can be seen by the extent to which his ideas have
been incorporated into national standards for K-12
educational practices,

as witnessed by such documents as the

National Council of Teachers of Mathematics'

1989 Curriculum

and Evaluation Standards for School Mathematics and Maine's
1990 Common Core of Learning.

Piaget and Constructivism
At the heart of Piaget's work is the constructivist
belief that knowledge is not given to a passive observer;
rather,

knowledge of reality must be discovered and

constructed through the activity of the knower.
believed that "to understand is to invent"
10)

Piaget

(Piaget,

1974,

p.

and that knowledge is created through "reflective

abstraction",

the ability to self reflect on the objects of

cognition.
Integrating constructivist epistemology into a
biological framework,

Piaget postulated that intelligence is

a process of adaptation which involves achieving or seeking
to achieve equilibrium between the individual and his
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environment through a set of mental operations.
"equilibration"

The term

is used to describe the tendency for

cognitive structures to make successive adaptations to the
environment in order to achieve a state of balance.
the balance is disturbed,
to restore it,

When

the individual can perform actions

to adapt by means of physical and mental

actions carried out in the environment.

An important aspect

of this view is that the types of mental actions a child is
able to carry out on the environment become increasingly
effective and sophisticated.

Thus Piaget's belief that

intelligence develops in stages,

evolving out of the

interaction of biological adaptation,

normal maturation and

mental activity.
It is important to point out that Piaget was mainly
interested in understanding intelligence in terms of general
mental processes and how intellectual structures gradually
develop through interactions with the environment.

He was

not concerned with individual differences--whether one
person is more intelligent than another,
to Ginsburg and Opper

(1979),

or why. According

Piaget recognized that

individual differences in intellectual ability exist, but
his interest was not in analyzing them, but in "abstracting
from the various idiosyncratic manifestations of behavior a
description of the general form of thought"

(p.14).

Nor did he study the role of emotions in learning,
although "he repeatedly states that no act of intelligence
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in complete without emotions"

(Ginsburg and Opper,

1979,

p.

15) .
Kurfiss

(1982)

summarizes Piaget's theoretical

framework in terms of three underlying axioms:

1.

Knowing is ultimately based on activity, both
physical and mental,

an interaction between

self and environment.

2. Development is a gradual and progressive
reorganization of mental structures used
to "make sense" of the world.

3.

Learning

(other than rote learning)

occurs when

the learner acts to resolve discrepancies
between beliefs and new information which does
not fit those beliefs,

According to Piaget,

(p.3)

intelligence develops as a result

of two basic tendencies: organization and adaptation.
Organization refers to the tendency to integrate
psychological structures into a composite system (or higherorder structure).

Adaptation refers to the tendency to

adapt to new input from the world through the complimentary
processes of assimilation and accommodation.
individual interacts with the environment,
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As an

he or she

incorporates or assimilates information about features of
the external world into existing psychological structures.
At the same time,

the individual modifies or accommodates

these structures,

or creates new structures,

in response to

the demands of new situations.
Throughout life,
result of maturation,

therefore,

intelligence evolves as a

interaction and experience,

through

which more and more mental structures are acquired and
reorganized into higher order structures which,

in turn,

allow the individual to adapt better to new situations.
Piaget's view,

In

learning is a process of hypothesizing and

testing theories to explain experiences,
to understand new experiences,

using old theories

and modifying existing

theories in the face of new information.

Stages of Cognitive Development
The evolving nature of cognitive development through an
invariant sequence of stages is a key feature of Piaget's
theory.

He postulated four stages of cognitive development

spanning a child's life from birth through adolescence.
The earlier stages,

sensory-motor and pre-operational,

describe cognitive development from birth through six or
seven years of age.

These are the stages in which a child

learns to coordinate perceptual and motor functions,
elementary reflexes and mental structures

(schemes)

interact with objects in the immediate environment,
simple symbolic thought,

use
to
develop

and build cognitive classification
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and relational systems.

Since it seems reasonable to assume

that normal adult learners have developed cognitively well
beyond the sensori-motor and pre-operational stages,

these

early developmental stages are not considered relevant to
the present discussion of adult learners and will not be
discussed here.

The later two stages,

and formal operations,

concrete operations

are more pertinent because they

describe cognitive development in which mental structures
become increasingly capable of dealing with the complexity
and abstraction necessary to reason mathematically. We look
briefly at some of the characteristics of these two stages.

Concrete Operational Stage
Piaget postulated that at the concrete operational
stage

(from around seven to eleven years of age)

can think in a logical,

the child

coherent manner about concrete

objects and their properties, whether the objects are
present or not, but not about hypothetical entities.

Piaget

characterizes this stage by the ability to understand and
conserve equivalence, understanding of reciprocity,
and identity,

negation

the ability to focus on several aspects of a

situation simultaneously,
transformations,

a sensitivity to changes or

and the ability to reverse the direction of

thought.

The child develops concrete operations and carries
them out on classes, relations, or numbers.
But
their structure never goes beyond the level of
elementary logical "groupings" or additive and
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multiplicative numerical groups.
During the concrete
stage, he comes to utilize both of the complementary
forms of reversibility (inversion for classes and
numbers and reciprocity for relations), but he never
integrates them into the single total system found in
formal logic. (Inhelder and Piaget, 1958, p. 334)

Ginsburg and Opper

(1979) point out that these aspects of

thought are interdependent: development in one aspect brings
about development in the other aspects,

such that the

thought processes form an integrated whole.

The most

important characteristic of concrete operational thought is
that it is limited to operating on images and observations
of physical,

concrete objects.

Formal Operations
In Piaget's theory the highest stage of intellectual
development is that of formal operations, which begins at
about age 12 and is assumed to consolidate during
adolescence.

During this stage,

becomes flexible and efficient.

the adolescent's thought
She can deal efficiently

with complex problems of reasoning because she can now
imagine the many possibilities inherent in a problem.

The

adolescent approaches a problem as a scientific experiment,
making and systematically testing hypotheses.
to the concrete operational child,

In contrast

the adolescent's formal

operational thought now "superimposes propositional logic on
the logic of classes and relations
1958, p.

(Inhelder and Piaget,

334)" such that inversion and reciprocity are

integrated into a single whole.
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The result,

as Inhelder and

Piaget

(1958) describe it,

is that the formal operational

adolescent "...comes to control not only hypotheticaldeductive reasoning and experimental proof based on the
variation of a single factor with the others held constant,
but also a number of operational schemata which he will use
repeatedly in experimental and logico-mathematical thinking"
(p.334).
In Ginsburg and Opper's (1979)

summary of formal

operational thought, the adolescent 1) deals with
propositions, not objects, 2)

forms hypotheses before

seeking empirical data to confirm or refute the hypothesis,
3) bases experiments on deductions from the hypothetical and
therefore is not bound solely by the observed, 4) considers
all possible combinations of the factors in a situation, and
5) derives from the results of an experiment the proper
logical relations among the factors involved.

Flexibility

of thought is evident in the ability to readily assimilate a
variety of novel situations, deal with unexpected results,
operate on abstractions, and use rules of reversibility,
such as reciprocity and negation, to logically transform an
initial conclusion into yet another.
Some comments about the use of formal operations should
be made at this point.

First, Piaget is not saying that

adolescents always use formal operations in their reasoning
and problem solving, but rather that they are,
developmentally, capable of doing so.
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Bored or tired, an

adolescent's typical level of performance may not be an
accurate indication of his optimum level of functioning.
Second, although children from various Western cultures
as well as children from quite different cultures appear to
proceed in the sequence of stages Piaget described,

it is

also the case, according to Ginsburg and Opper (1979), that
some adolescents in western cultures do not seem capable of
the formal operations and,

"in some non-western cultures,

the formal operations seem to be completely absent, even in
adults"

(p.201).

Third, at a given time, an individual may not be at the
same stage in all areas of thought.

Or an individual may

not be able to apply the same level of thinking to different
instantiations of concepts requiring similar mental
operations.
There are several possible explanations for the
apparent lack of universality of the formal operations. Some
adolescents may not give evidence of formal operations
because an unstimulating environment slows down their rate
of development or fails to promote that development
entirely.

Or it may be that the scientific context and

experimental tasks that Piaget used for testing formal
operational thought were not "ecologically valid" for
individuals from a different culture, educational background
or social experience.

(Piaget tested adolescents who were

both affluent and well-trained in school science.)
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This latter point is extremely important to the
discussion in this study of how to regard adults who seem
unable to employ formal operational thought in the
mathematics classroom.

Piaget recognized that,

if a person

had a poor education or grew up in another culture,
person's performance on his

(Piaget's)

that

specialized research

tasks would give a false picture of the individual's
competence.

Piaget says of such individuals:

"They would be

capable of thinking formally in their particular field,
whereas faced with our experimental situations,

their lack

of knowledge or the fact that they have forgotten certain
ideas that are particularly familiar to children still in
school or college, would hinder them from reasoning in a
formal way,

and they would give the appearance of being at

the concrete level"
In addition,

(1972, p.10).

the question of ecological validity raises

some important issues about how to define and assess a
person's

mathematical development.

How important is the

context used for testing mathematical knowledge?

How should

we regard the financier who can strategically manipulate
multiple investments,

easily interpret a large variety of

highly complex financial statements,

and deal daily with the

abstractions of the stock market, but cannot grasp the
concept of an algebraic variable?

Or the farmer with only a

sixth grade education who can mentally estimate to a high
degree of accuracy the relative costs and potential yields
of his farming operations but cannot balance his checkbook.
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much less understand decimals?
abstract and hypothetical,

In such cases, thinking is

systematic and strategic.

Many

mathematical concepts are embodied in the farmer's and
financier's thinking and planning, yet because they cannot
relate what they do in their professions to the formal math
of the classroom, do we say they have failed to reach formal
operations in math?

More importantly, when the financier

and the farmer become remedial math students, how can we
help them see the close relationship between what they know
so well and the school math that seems so alien to them?
The points raised above thus suggest a very different
starting point for understanding the problems of adult
remedial mathematics students than is commonly assumed. That
is,

if one regards learning to reason mathematically as a

separate developmental process,
in other areas of reasoning,

independent of development

which for some adults was

arrested at less than a fully formal operational stage, one
could well conclude that older and younger students have
very similar learning needs as far as math is concerned.
This leads to some further considerations.

If an

individual failed in adolescence to develop the ability to
understand and apply abstract mathematical concepts, will
that person be able to develop that ability later in life?
And,

if so, to what extent?

Put another way, how important

is early learning in math and what is the effect of a break
in the continuity of the developmental process?

50

Conscious Reflection and Metacoqnition
Piaget observed that consciousness plays an integral
role in cognitive development.

By consciousness Piaget did

not mean awareness of objects or simple acts,

such as moving

an object.

refers to an

Consciousness,

in Piaget's usage,

individual's ability to produce a coherent verbal account of
the mental processes underlying his or her behavior.

A

child's ability to explicitly analyze her own actions,
Piaget proposed,

develops as a result of the child's

tendency to observe her own activities and reflect upon
them,

interpreting them with increasing accuracy (Ginsburg

and Opper,

1979).

Reflection thus leads to explicit

knowledge about one's own problem solving strategies and
processes, which in turn enables one to evaluate the
effectiveness of these strategies and processes and to then
select more effective solutions.
Piaget observed the gradual development of
consciousness in children; however,

it is not clear just

what triggers this ability to "think about thinking," nor is
it clear how verbalization affects the reflection process.
The development of conscious reflection,
metacognition as it is currently termed,

or

has been recognized

by educators as a critical variable for mathematics novices
of all ages.

Narode

(1989)

asserts that "metacognitive

skills are prerequisite for mathematical thinking to
develop"

(p.17).

Metacognition is more than awareness of

cognitive processes;

it is "evaluative of ongoing thought
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processes as well as of the abilities of the thinker and the
task at hand"

(Narode,

1989, p.

17).

In mathematical

problem solving, metacognitive thought monitors and
evaluates the efficiency and relevance of heuristics and
algorithms, problem representations,
recalled, beliefs,

related data that are

and whatever else is called to mind to

aid in the solution process.

Schoenfeld

(1985)

states:

One major component of mathematical competence
consists of being able to use the resources at
one's disposal with some degree of efficiency
when working somewhat unfamiliar problems.
To
master certain formal techniques is one thing.
To call upon them when appropriate, to abandon
ones that are not, to lean but not depend solely
on intuitions that correspond to formal
procedures, to evaluate the quality of one's
argument as one is making it, and to try to make
it stronger--these are components of
mathematical thinking that correspond closely to
components of informal reasoning.
They have
been called metacognitive, managerial, or
executive skills, and there are strong
indications that they are major determinants of
success or failure in problem-solving
performance, (p.363)

Expert mathematicians appear to have extensive and welldeveloped metacognitive,
Schoenfeld points out,
seen in students,

or executive,

skills but,

good metacognitive skills are rarely

even at the college level.

students aware that they need them.
as Piaget asserted,

as

Nor are

It seems evident that,

the development of "conscious

reflection" and higher order managerial skills is critical
for learning math beyond rote memorization and regurgitation
of rules and algorithms.
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Educational Principles:
Implications

for Mathematics Educators

Although Piaget's says little about actual curriculum
development or specific teaching methods,

he is clear about

the educational principles he feels are fundamental for
intellectual development and real learning to take place.
Science of Education and the Psychology of the Child

In

(1979),

Piaget discusses these basic tenants in the context of past
and current

(1960's and 1970’s)

educational practices.

This

section summarizes from that discussion his main principles
and presents some of the implications for teaching.

The Goal of Education
The principal aim of education,

according to Piaget,

to form intellectual and moral reasoning power.
cannot be received from external sources.

is

Such power

The challenge for

teachers is "to find the most suitable methods and
environment to help the child constitute this power itself"
(p.160).

Intelligence
Piaget defined intelligence as not merely the faculty
of knowing,

but as an "authentic activity" which consists of

trials and errors,
structures.

and continuous reorganization of mental

Learning,

therefore,

takes time and experience,

is a dynamic process that

both physical and logico-

mathematical.
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Active Learning
Piaget maintained that knowledge is based on selfinitiated activity and interaction,

physical and mental.

Teachers cannot impart real knowledge.

Students learn only

superficially from lectures, memorization of facts,

or exact

replication of a demonstrated experiment or algorithm.
Meaningful learning occurs only when students are actively
involved in exploration and theory-testing,

and allowed to

discover their own understanding of their explorations.
Play,

Piaget stresses,

discovery and understanding.

is the critical beginning for
Play may simply involve

physical interaction with concrete objects,

or symbolic,

imaginative activities such as games and puzzles.

Both

types of play are an important means for "assimilating
reality into the self" in a representational
which,

Piaget says,

However,

(symbolic)

form

is the key to intellectual development.

Piaget cautions, while unstructured play and

exploration may result in interesting observations and
exciting discoveries for the student,

the learning that

ensues from such activity will lack coherence and purpose.
Active learning, he says,
into a "rational,

should be structured by teachers

deductive activity that gives meaning to

scientific experiment and establishes such a reasoning
activity in the child"

(p.169).

With regard to motivation,

Piaget says that all

"fruitful activity" presupposes an interest and should
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contain "the possibility of a durable kind of personal
work".
Thus,

the learning environment should be one in which

students are presented with realistic problems to explore,
for which they must generate and test hypotheses.
to elicit active learning,
questions,

In order

teachers must pose interesting

rather than supply answers;

design and conduct experiments,

allow students to

instead of solving textbook

problems the answers for which are already determined;

and

reward students for asking questions and investigating their
mistakes.,

rather than penalizing them for taking risks and

making wrong answers.

Students who become good problem

posers become better problem solvers.

Therefore,

teachers

should focus more on the process of problem solving than on
the product.

Level of Development:

Student-Centered Approach

One of the most significant contributions from Piaget's
work is the recognition that the novice mathematician's
reasoning is often qualitatively different than that of the
expert or teacher.

For example,

a particular sequence of

material that seems perfectly logical to a teacher may seem
disconnected and confusing to the novice.

Or an idea that to

the teacher is obvious and self-evident, may appear to the
student as obscure and difficult.

The implication is that

the teacher must try to adopt a student-centered point of
view,

and cannot assume that the student's experience or
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modes of learning are the same as her own.

The teacher must

learn to watch and listen carefully to the student and
attempt to put herself in the unique perspective of the
student.

Only when there is insight into the student's

current level of understanding,

can the teacher begin to

appropriately tailor the learning situation to the
individual student's needs.

Individual Differences in Learning
Piaget stresses that new learning must connect to old.
Therefore,

new learning must have some relevance to what a

student already knows, yet be sufficiently novel to
stimulate interest and cause the student to confront
incongruities and conflicts in reasoning.

Piaget also

stresses that different students will have different types
of prior learning and different levels of conceptual
understanding.

Therefore,

a teacher must try to understand

each student's existing level of understanding of a
particular mathematical concept,
misconceptions,

as well as the student's

in order to determine the type of learning

experience that will enable the student to gain a fuller
understanding of that concept and its relationship to other
concepts.
A focus on individual differences also necessitates
more individualized methods of assessment, methods which
identify a student's unique combination of mathematical
competencies and weaknesses.

Assessment of individual
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students'

reasoning processes should become part of the

students'

learning experience.

The NCTM Standards

(1989)

state:

Students' progress should be assessed
systematically, deliberately, and continually to
effectively influence students' confidence and
ability to solve problems in various contexts.
Giving students feedback about the results of
this assessment, on both the processes used and
the results attained, is critical to their
development as problem solvers.
(p. 209)

To most teachers,

assessment at the individual competency

and process levels seems a difficult and time consuming task
for which few tested tools are available.
needs to be done in this area,

Much research

drawing both from cognitive

psychology and the expertise of educators.

Conscious Reflection:

Social Interactions and Communication

According to Piaget,

conscious reflection is a critical

factor leading to real learning.

He maintained that when

students verbally explicate their thinking,

they develop

their ability to monitor and control the integration and
reorganization of their knowledge into more coherent mental
structures.

The importance of verbalization suggests that

peer interaction and group work should be an essential part
of the learning process.

In the mathematics classroom,

students should spend more time explaining and listening to
each other and less in listening to teacher explanations.
Discussion forces people to consciously clarify their ideas
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while at the same time broadening their view through
exposure to other people's perspectives.
Lochhead

(1982),

for example,

Whimbey and

developed a highly successful

pair problem solving approach in which students follow
certain rules for communicating and listening to each other.
In this approach,

the teacher encourages discussion,

demands

greater precision of communication and deeper analysis when
necessary, but avoids the role of mathematical authority.
One should note that approaches such as this do not imply
that teachers should abandon their teaching role, but that
they must redefine that role such that they guide the group
learning process without predetermining its outcome.
Although Piaget maintained that verbalization was the
key to higher order thinking,

there is anecdotal evidence

from several teachers that other forms of communication,
such as writing and diagramming,
developing organization,

are equally effective for

strategy and control processes.

Research in this area is also needed.

Piagetian Theory and Adults
While Piaget's research did not extend to older
students, present day mathematics teachers and researchers
are increasingly reformulating his child-based theories and
principles into a more general framework that can be applied
to adults. Narode

(1989),

for example,

researched,

designed

and implemented university developmental mathematics courses
based on Piagetian theory; Lochhead's
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(1983)

extensive

research on college level learning is based on Piaget's
constructivist theory;
T.

and several college instructors

,

Bassarear, personal communication, November 16

(e.g.

1990)

have stated that they have found an approach based on
Piaget's ideas extremely successful with both traditional
age and older college students.

Piaget

(1979),

himself,

notes the similar learning needs of adults and children when
he points out that while the intellectual and moral
structures of a child are not the same as those of an adult,
with regard to mental functioning,
are "active beings whose action,
interest or need,

adults and children alike

controlled by the law of

is incapable of working at full stretch if

no appeal is made to the autonomous motive forces of that
activity"

(1979, p.153).

Applying Piaget's framework to older students means
adopting his focus on an individual's cognitive processes-on how one knows something rather that what one knows--and
generalizing his questions about children's cognitive
development to questions about how novice mathematicians can
become more expert.

Thus,

for adults,

it is not Piaget's

observations on the biological and maturation aspects of
intellectual development that are important, but his
contribution to a more general understanding of the nature
of learning,
viewpoint,

independent of age.

From this novice/expert

it seems reasonable to suggest that any

mathematical novice,

regardless of age, will benefit from an
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learning environment based on the Piagetian principles and
learning theories discussed above.
In summary,

Piaget's work suggests a basis

for

regarding learning as a developmental process that continues
throughout adulthood and is more a function of experience
and expertise relative to a particular domain than of age.
This implies that within a remedial or developmental
mathematics classroom,

all students,

regardless of age,

should be regarded as mathematical novices whose position
with regard to mathematics is most likely dualistic
is always one
concrete

"right"

(there

answer to a mathematics problem),

(money concepts are understandable but decimals in

the abstract are threatening),

mechanical

memorization of facts and procedures),

(learning involves

and passive

(the

teacher will transmit and the learner will absorb).
Piagetian theory,
framework,

when generalized to a novice/expert

suggests that mathematical novices of any age

will benefit from a learning environment which 1)

encourages

active exploration of mathematical concepts in realistic
problem solving contexts;
teacher,

makes the student,

the source of learning;

in individual students'
identifies students'
instance,

2)

3)

not the

acknowledges differences

ways of knowing and learning;

individual level of development

4)
(for

ability to deal with mathematical abstraction or

complexity)

as the starting point for new learning;

uses social interactions among peers,
of communication,

along with other modes

as primary classroom activities.
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and 5)

From this perspective,
that older,

it seems reasonable to argue

like younger students will be more likely to

make the transition to more complex and sophisticated
mathematical reasoning and beliefs when instruction:
1)

begins with concrete real-world contexts

for

problem solving
2)

encourages the use of concrete representations
(diagrams,

pictures,

charts,

etc.)

in

understanding the problems
3)

provides interesting,
invite exploration,

non-trivial problems that

analysis,

intuition,

reasoning

and multiple solution paths
4)

de-emphasizes memorization of rules and procedures

5)

provides a learning environment in which the
learner actively constructs conceptual
understanding through his or her interactions with
the problems,

rather than from being

"taught" by

the instructor
6)

fosters the student's awareness

(metacognition)

of

his or her own reasoning processes and strategies.
7)

focuses on mathematics as a dynamic and creative
discipline
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CHAPTER 2
METHODS

The choice of methodological approach for the study was
shaped by the types of questions being asked and the nature
of the answers sought.

This study is an inquiry into

teachers'

experiences and beliefs about

observations,

teaching adults and teaching mathematics.

Therefore,

an

approach was chosen in which the data sought would be
detailed and descriptive,

and in which the nature of the

analysis inductive and interpretive.
My approach was to interview college teachers who have
experience teaching remedial or developmental math to both
traditional-age and adult undergraduates,

and to ask them to

talk about the two age groups and about their teaching
methods and philosophies.

Input from their students on

these topics was elicited through anonymous,

written

surveys.
The interview format was chosen so that I could focus
the investigation without confining it,
without glossing over it.

That is,

capture complexity

I wanted to be able to

not only guide the discussion to the major questions
this research,

for

but to probe for detail and pursue emerging

threads as each interview proceeded.

The original plan was to interview each teacher twice,
the first time with a pre-determined set of open-ended
questions

(Appendix A).

The questions for the second

interviews were to be direct inquiries into specific topics
and themes that emerged from the first interviews and from
the student responses.

As it turned out,

of one of the participants,

on the suggestion

a one-day conference was

substituted for the second interview.

This change in plan

was enthusiastically welcomed by the teachers, most of whom
did not know each other,
materials.

as a chance to exchange ideas and

Six of the nine teachers attended;

the three who

could not attend due to scheduling conflicts were
interviewed a second time as originally planned.

Participants
The Teachers
Nine remedial/developmental math instructors from
Connecticut, Massachusetts and New Hampshire participated in
the study:

Five men - Tom,

four women - Linda, Mary,

Peter,
Kathy,

Tim,
Peg.

Desmond, Victor;

and

All are white,

although this was not by design.

Victor is in his sixties;

Mary is in her fifties; Tim,

Peg and Desmond are in

their forties;

and Linda,

Tom,

Kathy and Peter are in their

thirties.
Five teach at community colleges and two at private
colleges that serve students of all ages.

One teaches at a

private college that educates mostly eighteen to twenty-two
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year olds,

and one teaches math for teacher education

students at a small state university.

Teaching experience

at the college level ranged from six to twenty-six years,
with a variety of experience teaching both traditional-age
and adult math students.
college instructors,
high schools,

Prior to becoming full-time

six had taught in public and/or private

six had taught math at the college level on a

part-time basis,

and three had some experience teaching

elementary students.

At the time of the interviews,

all but

one were teaching courses relevant to the study.

The Students
A total of 147 students filled out the student survey.
They ranged in age from 18 to 70 years of age.
were adults

(25 years or older),

Sixty-four

83 were younger

(18 - 24

years of age).
The breakdown for each teacher is as follows
females, M=adult males,
Tom - 5 F,

Tim - 8 F,
Mary - 3 F,

5 M,

3 H,

5 f

1 f,

1 m

1 f

Desmond -8F,

1M,

Kathy (2 classes)
Peg

f=younger females, m=younger males):

15 f

Peter - 5 F,

(2 classes)

Victor - 6 F,

6f,

lm

- 12 F,

- 11 f,

4 M,

(F=adult

5 f,

3 M,

10 m
3 m.
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13 f,

12 m

Participant Selection
The pool of potential teacher interviewees was
generated by asking knowledgeable college administrators and
mathematics educators to recommend instructors known for
being highly successful remedial or developmental college
mathematics teachers.

From this pool,

selected on the basis of 1)

participants were

extent of experience teaching

older and younger undergraduates,

2)

current position

teaching remedial or developmental math,

3)

allot class time for the student survey,

and 4)

traveling proximity.

Linda,

willingness to
reasonable

the one participant who was not

teaching relevant classes that semester,

was selected

because of her extensive experience teaching adults.
There was no selection process

for the students.

Students in each teacher's current college remedial or
developmental mathematics class were simply asked if they
would be willing to respond during class time to questions
about learning math in an anonymous written survey.

Only

two students declined to participate.

The Interviews
The interviews took place at mid-semester.

Each

interview lasted approximately one-and-a-half hours.
teachers chose the location.
homes,

The

Two asked me to come to their

one came to my house and the others met with me at

their schools.

The interviews were tape-recorded for later
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review and analysis.

Every effort was made to make the

interviews informal and comfortable.
The teachers were told the general nature of the
research when they were asked to participate.
I asked them during the interviews
designed to be open-ended,

(Appendix A)

The questions
were

yet specific as to the major

areas about which I wanted them to talk.

I asked each to

begin by talking about his or her background in math and in
teaching.

After that,

the order of questions varied

according to how the discussion was going.

The goal was to

ask the kinds of questions that would not only shed light in
expected areas,

but would allow the teachers to talk about

ideas or observations in areas I hadn't anticipated.
The three teachers who could not attend the conference
were interviewed a second time at the end of the semester,
two of them together.

In these interviews,

topics and

concerns that emerged from the conference and previous
interviews were used as points of departure.

The Student Surveys
The Student Surveys

(Appendix B)

were administered

during class by either myself or the teacher.

Students were

assured that participation was voluntary and that their
responses would be anonymous.

In order to be sure that

their comments would not be identified by their handwriting,
they were also assured that the actual surveys would never
be seen by their teachers.

When teachers administered the
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test,

a student was asked to collect the completed surveys

and seal them in a mailing envelope.

The students were

given 20 minutes to respond to the essay-type questions.

The Conference
The all-day conference was held at the end of the
semester.

We met in a meeting room at the University of

Massachusetts.

The proceedings were video taped and tape

recorded.
Prior to the meeting,

the teachers were told they would

be asked to talk briefly about what they thought were the
key characteristics of their teaching.

They were also asked

to bring teaching materials or texts they thought were
particularly good.
The agenda for the meeting allowed approximately 20
minutes

for each teacher to speak,

introductions,

plus time for

discussions and lunch.

The agenda was

loosely adhered to in order not to restrict the lively
discussions that spontaneously occurred.
My role was mainly to get things started,
track of the time,

and occasionally contribute comments or

ask them to talk about a specific topic.
topics

gently keep

Otherwise,

the

for the day were the topics the teachers wanted to

pursue.
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Limitations of the Study
The generality of the results and conclusions of the
study are limited by the following factors:
interviewees represents only a small,

1)

carefully selected

sample of college basic mathematics teachers;
to class,
3)

the number of

2)

from class

the ratio of older to younger students varied;

and

there was only one researcher's analysis and

interpretation of the data.

Researcher Bias
While every attempt was made to avoid imposing my
beliefs and biases on the interview process and data
interpretation,

it would be impossible to lay claim to total

objectivity and neutrality.

To begin with,

as an educator

and theorist, my orientation to teaching math to students of
any age is grounded in constructivism.

Second,

it has been

my experience that many of the problems people have learning
math are overcome when it is presented as a tool for
practical problem solving.

And third,

I believe that good

remedial or developmental math instruction teaches students
to become independent thinkers and flexible problem solvers.
Underlying all is the strong conviction that the educational
community at all levels must reevaluate the standards by
which it judges people to be mathematically knowledgeable.
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CHAPTER 3
TEACHER AND STUDENT VIEWS ON ADULTS AND MATH

The purpose of this study was to gain insight into how
best to teach older college students basic math skills.
However, before attempting to answer the question of how
adults should be taught,

this research first questioned the

assumption of the adult education community that older
students differ from their younger counterparts in ways that
would indicate a need for different teaching methods.
this end,

To

the teachers and their students were asked to talk

about the role they thought age plays in ability to learn
math.
In the first section of this chapter,

interview and

conference responses from the teachers relating to agerelated differences are reported.
details the students'

The second section

comments from the written surveys and

the third section contains a discussion of the teachers and
students'

observations.

As we shall see, with regard to

cognitive ability for learning math,

there is little support

for the assumption that there are significant age-related
learning differences.

The Teachers1 Views
Overview
In the interviews and at the conference,

the teachers

were asked if they saw any differences between older and
younger students'

ability to learn math.

about cognitive differences,

They were asked

and whether they observed any

characteristics that hinder or help returning adults as
remedial math students.
The teachers'

categoric response was that they have not

observed any fundamental cognitive differences between older
and younger students'
however,

ability to learn math.

They do,

find that their older students differ from their

younger counterparts in motivation and attitude,
anxiety about learning math,

degree of

and amount of experience with

real-life situations requiring mathematical problem solving.
These differences and the teachers'

views on how they affect

the older students are reported below.

Cognitive Ability
All of the teachers in this study believe that most
people,

regardless of age, have the cognitive ability to

learn basic mathematical concepts and problem solving
skills,

given the right learning experiences.

While none of the teachers feel that adults are
cognitively different from traditional-age math students.
Peg and Tom both made an observation concerning cognitive
ability and math that merits serious consideration.
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Peg stated that,

in her experience with college

students.

If they were ever good in math when they were younger,
they don't lose that.
And if they were not good a long
time ago, they don't get better. They work harder and
they have more of a desire to get going and do
everything that's expected of them.
But, I don't think
there's a change in your capacity to do it from when
you're younger.

She believes any college student will have difficulty with
math if he or she didn't have much math in high school and
did poorly in class.
success,

" she said,

"I don't think it has to mean non¬
"but...if the person was working at

maximum capacity [in high school]

and was mediocre then,

I

don't see that it would get better at thirty because they
wanted it to."
In the same vein,
"...

Tom observed that in his experience,

any student who gets to college with an elementary

level of math doesn't get much farther in math,

even with a

lot of help."
How do they account for the limitations they observe?
Peg felt that math ability has something to do with early
cognitive "connections," with whatever it is that gives a
person a particular ability early in life, while Tom offered
the more controversial view that math ability is innate.
There are two important points to be made about these
observations.

First, both Peg and Tom indicated that they

are referring to a person's capacity or potential for doing
a much higher level of math and complex problem solving than
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students are expected to do in the remedial classes,
real life.

or in

It seems evident that some people have far more

ability to do well in higher level courses than others,

just

as some people have more ability to sing harmony or learn
difficult foreign languages.

Then the distinction between

being or not being "a math person" seems justified.
danger of such labeling, however,

The

is that a person

struggling with basic concepts and problem solving, which
the teachers believe everyone can learn, will
inappropriately label him or herself as "not a math person"
and use that as an excuse to give up.
therefore,

Many of the teachers,

felt that it is important to help students see

that, while a person may not be "a math person" in this
higher sense,

that person is perfectly capable of becoming a

competent mathematical problem solver at a more basic,
practical level.
Second,

if we acknowledge that ability to learn math

varies from person to person,

then we must question whether

it is reasonable for colleges and universities to mandate
that all students demonstrate the same types of minimum
proficiencies in math to graduate.
These observations also raise developmental questions:
At what age and in what way do these early math
"connections" have to be established in order for a person
to become highly skilled in math?

Or,

conversely,

at what

age does it become difficult or impossible for a person to
develop these connections?

Developmental questions are
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beyond the scope of this research.

However,

it is important

for mathematics educators to keep such questions well in
mind when they form their expectations

for students of

various ages.

Motivation
According to the teachers,

the adults enrolled in their

basic math classes are primarily motivated by specific job
and career goals
a necessity.

for which learning math has suddenly become

Therefore,

compared to the younger students,

their goals are better defined and they are more serious in
their purpose

(Victor).

As a result,

they are more

motivated and more tenacious than the average traditional
student
harder

(Peter),
(Peg,

(Kathy,

have more self-discipline

Linda,

Tom),

(Tim),

work

and are more determined to succeed

Desmond).

How does motivation affect ability?

In the teachers'

estimation,

motivation does not change ability

(capacity,

potential),

but it does have a decided effect on a student's

chances of realizing his or her potential ability.
oriented,

Goal-

motivated students are more inclined to continue

to struggle when confused and to persist when they fail.
example,

in Victor's experience,

younger students,

when

faced with a setback such as failing the first exam,
want to quit right then,

tend to

while the older students tend to

attribute the setback to lack of preparation and have the
motivation to persist until they "get it".
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For

Victor was not alone in this characterization of older
students.

All of the teachers described older students as

determined and persevering,
to overcome most blocks,
problems.
said,

and,

therefore,

anxieties,

Thus, by mid-semester,

generally able

and learning-speed

several of the teachers

the older students usually catch up to the younger

ones and, because they are so highly motivated,

often

perform better.

Attitudes
Learning
The teachers all felt that their adult students had a
more positive attitude towards learning in general and about
the usefulness of learning math in particular,
younger students.

They note,

in addition,

differences in attitude among adults.

than the

some important

As Peter points out,

some adults return to school with "intense curiosity" and a
very pro-education orientation.

They value learning and

knowledge in general; math is just one more thing they would
like to learn.

Others return only because they realize they

must learn new skills in order to make changes in their
lives.

They do not value education per se.

Rather,

the

value for them is "What can I do about getting a better
job?"

Most often,

these are students who barely graduated

from high school or have only recently gotten their GED.
Although both types of adult returnees are highly
motivated,

those in the latter group sometimes have more
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initial resistance to moving from the passive-learner
attitude of their teenage schooling to the active learner
mode of college

(Linda).

They come into college with what

Peter calls their "high school attitude;" they expect
classes to be teacher-centered,
trusted,

assume teachers can't be

and expect to wage the same "we versus them"

authority battle as they did in high school.
teachers pointed out,

However,

the

once this resistance is overcome and

the students realize that the model of school and learning
they had in high school no longer applies,

the adults then

tend to be more open to new methods and alternate approaches
than their -younger counterparts.
To explain the adults'
Mary suggested that,

greater openness, both Linda and

as people reach mid-life,

they become

more well-rounded and flexible in their thinking processes.
Mary hypothesized that people generally have a preferred
style of learning and it is only as they reach mid-life that
they become open to learning in other modes.

As a result,

the teachers find the adults in their classes are more
flexible than the younger students when faced with moving
back and forth between concrete and abstract
representations,

inductive and deductive reasoning,

and

abstract and applied problem solving. The younger students
often become stuck in their high school mentality, while the
older students' more open attitude enables them to better
cope with new methods and materials
Peter,

Tim).
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(Linda, Mary,

Tom,

Process vs.

Product

The teachers find,
younger students,
in the product.

too,

that adults, more than the

are as interested in process as they are

They want to know "why",

a rule or a formula comes from.

to understand where

They tend to be more

insistent that they have the foundations for concepts,
just the "how to's"

(Tim,

Peter,

Tom).

not

When Tom tells his

teacher education students that little kids are by nature
thinkers

(critical thinkers, problem solvers)

"producers"

turned into

(memorizers and regurgitaters) by bad schooling,

and that "this class is about becoming thinkers," he finds
that most adults eagerly adopt this change in orientation,
while many of the nineteen-year-olds stubbornly refuse to
make the transition.
Not only do the teachers find the adults more insistent
about understanding mathematical processes,

they also find

them more likely to investigate their own thought processes;
they are more willing to grapple with errors in their
thinking and to monitor their problem solving processes
(Mary,

Tom) .

Usefulness of Math
According to the teachers,

adults'

attitude towards the

usefulness of math is very different from that of the
younger students.

Driven by the practicalities of everyday

living and by employment opportunities they have
encountered,

adults are more likely to realize that learning
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math is both useful and necessary and that they must do more
than just pass the course;

they must understand the math

well enough to be able apply it in the real world.
result,

they are more demanding of themselves and,

As a
thus,

more aggressive in class than the younger students.
are less timid, more apt to ask questions,
understanding,

to insist on

and to be class leaders - traits Victor said

he capitalizes on regularly.
ask questions,

They

he said,

By encouraging the adults to

the rest of the class is "pulled

along."

Fears and Beliefs
I asked the teachers if there was anything particular
to adults that hindered their ability to learn math.
most common response

(Tim, Linda,

Tom, Desmond,

The

Kathy) was

that fear about ability to learn math is the biggest
obstacle for remedial students, young and old.

The

difference between the two age groups is in degree.

The

older students have built up more math-anxiety, more years
of failure in math to undo, more firmly entrenched beliefs
that they are "stupid" in math and "not a math person," and
never will be.
Tom and Victor have both found an important difference
in how this belief - that someone is or isn't a "math
person"

- affects older and younger students. When younger

students have trouble understanding math in class or fail a
test,

they tend to seek safety in "learned helplessness."
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They tell themselves:

"I'm just not very intelligent in math

and there's nothing I can do about it."

And so they stop

trying.

"I'm not very

Adults,

on the other hand,

say:

intelligent in math, but I'm going to struggle with it until
I get it."

The determination to succeed is stronger than

their fear of math to the point that, while the anxieties
may not completely disappear,

they are no longer

debilitating.
Linda's experience,

on the other hand, was that adults

were just as prone as the younger students to let past
failures in math become an excuse not to struggle now and a
reason to expect to fail again.
that the adults'

But,

like Tom,

she felt

determination to work hard and succeed

helps them to overcome these negative beliefs and fears.
Kathy talked about the problems that older women have
to overcome revolving around myths about women and their
innate lack of mathematical ability.

She also pointed out

that the opposite problem for men is trying to live up to
the myth that men should be good at math.

Experience
On top of having more motivation, more persistence and
a more open attitude,

older remedial math students have had

many more experiences with real life situations involving
math than younger students.
Tim,

Kathy,

Peter)

Several of the teachers

(Mary,

felt that these experiences give the

older students a far better understanding of problem
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situations - the variables and constraints to be considered,
the vocabulary, the assumptions that can be made, how to
visualize the problem concretely and then put it into
abstract symbols.
As a result, the teachers said, the older students are
better able to think a problem through, know how to approach
it from more than one angle, and are not daunted by word
problems. The benefits are to both teacher and student:
familiar, real problems are more motivating to the adult
students and,

for the teachers, motivated students "stay

with you and they bring a lot more to the classroom"
(Kathy).

The students' viewg
In the written surveys, students were specifically
asked if they thought age made a difference in ability to
learn math.

Other, more open-ended, questions asked them

about changes, if any, in their feelings about math and
their ability to learn it since being in the remedial
course.
In response to the survey question:

"Do you think a

person's ability to learn changes as he or she gets older?
If so, how?",

54% of the students surveyed said they thought

ability increased with age and 12% thought it decreased.
Twenty-four percent said they believed ability did not
change with age (3% were unsure and 6% did not respond).
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Comparing adult and younger responses,

55% of the

adults versus 59% of the younger students thought ability
increased with age, while 16% of adults versus 6% of the
younger students thought it decreased.

Twenty-one percent

of adults and 28% of the younger students thought ability
was not related to age.
While a few, mostly adult, students attributed changes
in learning ability to changes in cognitive capacities, by
far the most frequently mentioned factors affecting learning
were choice, motivation and attitude. This section details
the students' comments on these factors, as well as comments
about math anxiety and the role of experience, taken from
the more open-ended questions in the survey.

Cognitive Capacities
Only a small number of adults felt that cognitive
abilities change with age.

Some felt that as they got

older, they were able to "think more logically," "pay
attention better" and "absorb more information."

Others

felt that with age "the rate of learning slows down,"
"retention is less" and "it takes longer to comprehend,"
factors they did not feel were limiting but were problems to
overcome with determination, perseverance and sheer
tenacity.
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Motivation and Attitude
The majority of students surveyed,

regardless of age,

felt their ability to learn math had substantially increased
since high school, mainly as a result of their current, more
positive attitudes about learning and math.

The students

said very little about the practical causes that motivated
them to enter college or tackle the math course, but they
had a great deal to say about choosing to learn and about
ability to learn in terms of motivation and attitude.

Choosing to Learn
Choice was an important factor in the minds of many of
the students, young and old alike.

They said,

for example:

When I was in high school, I had to be there so I
didn't have any interest.(F)
I now want to learn. No one is forcing me to be
where I don't want to be. (M)
In high school we were forced to take certain
maths.
In college, we have a choice, so there is
more enthusiasm, (f)
I'm in school now because I want to learn, my
attitude towards learning has changed so much.

(F)

I want to be here.
I realize now I should have put
more effort into it before, (f)

Clearly, high school learning was something that
happened to them,

something they were required to do without

understanding why.

As unwilling participants,

they became

unwilling learners,

going through the motions of being

students but doing as little learning as possible.
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Making the choice to go to college changed their entire
orientation to learning. Whether a student was eighteen or
fifty,

choosing to go to college meant choosing to become a

more self-motivated,
However,

determined,

active learner.

it is primarily the adults who seem to have

discovered since returning to school that learning is as
much a result of hard work and perseverance as of
intellectual ability.
Typical comments from the adults were:

As an adult returning to college later in life,
I find I am much more motivated and therefore
put more effort into learning.
[Ability] depends on the desire to learn.
I
have more of a desire to learn now than in high
school.
People appreciate learning more as they get
older.
I enjoy it more now and care about what
I am learning.
Often adult students have a will to learn that
they didn't have at the age of 18.
In high school I just gave up on math - I felt I
wasn't smart enough to understand.
Now I
realize I've had the ability all along.

Failure to learn in high school,

they realize now, was not

because they couldn't learn it, but because,
aged woman put it,

"I put in the time

tuned out."
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as one middle-

(in high school) but

Process vs Product: Asking "Why?"
As reported in the first section of this chapter,

the

teachers observed that older students are more inclined than
the younger ones to ask "why",
concepts,

to want to understand

not just memorize rules.

Although students were

not asked directly about this,

some of them volunteered

exactly the same observation.

For example,

a traditional-

age student said she thought that "... as a person gets
older,

they ask more questions. They aren't as accepting,

so

more reasons have to be given." and an older woman observed
about herself,

"Being an older student,

more to fully understand.

I tend to question

Who cares what someone else

thinks?"
A thread running through all of the student responses
was an appreciation of their instructors'

commitment to

students "really understanding" the concepts.

The

traditional-age college students were as likely as the
adults to express their pleasure and relief at finally
having a math teacher dedicated to helping them understand
rules and formulas in terms of a broader system of
relationships and logic.

As a seventeen-year-old in Tim's

class nicely put it:

I love the way he teaches. He explains
everything.
I've never understood math the way
I do now.
Before this my definition to math
would be "the computation of numbers," but now
it's the understanding of numbers.(f)
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Usefulness of Math
When students were asked in the survey how they would
define math and what it means to do math, most of the
students in both age groups made positive statements about
the usefulness of learning math.
The adults responded from practical experience,

saying

for example:

Math is different now because I understand you
need it in today's society. (F)
Being an older student...you can see
applications that were not so readily accessible
at a younger age. (F)
As I age, I gain insight and experience and
therefore am able to realize the value of the
subject matter. (F)
Math is an essential.
in life. (F)

We need math to get along

Math is something that can be used daily,
research, at work or in fun. (M)

The younger students,

on the other hand,

from experience than from a growing,

in

spoke less

albeit hazy,

sense of

practical situations for which they were going to need math
in order to survive in the adult world.

Math is something you will need in the future to
figure out problems, (m)
Before I just fooled around and never took it
seriously.
But now I realize...I have to no
[sic] some kind of math in whatever you do. (f)
I'm beginning to like math whereas before I
hated it...because I'm realizing why we had to
learn all the stuff I thought was so stupid in
high school, (f)
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Math is a necessary evil in life that will help
us out in the real world, (m)

However,

the majority of the younger students had yet

to discover a practical use for math and defined it as:

. . . getting answers to a question, as compared
to English where there is no real answer, (f)
. . . numbers you would add,
divide, (f)

subtract, multiply and

. . . computation of numbers and understanding
the use and rules of numbers, (f)
. . . working with numbers...relationships
between numbers -learning rules, symbols,definitions, etc. (f)
...a subject in school.
Math means to be able
to take digits and integers and do certain
functions with them, (f)
...a problem.
Putting a bunch of numbers
together and solving for the alphabet, (m)
I think it sucks!
I still hate it. If I wanted
to be a biochemist I guess I'd like it, or a
carpender [sic].
IT'S BORING! (f)

Some of the adults also questioned the value of the
math they were learning and said:

[Math is] working with numbers.
To solve
equations and problems.
One big game that you
can play with more rules than a person will ever
remember. (M)
[Math is] another language all itself. It means
to utilize your memory and follow procedures
step by step. (M)
Math is a bunch of numbers you have to work
with. (F)
[Math is]

to calculate,
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to define.

(F)

Some of both the younger and older students expressed a
view of learning math that touches on a very important
question in the mathematics education community,

the

question of what topics in math are important to learn and
by whom.

They wrote:

Math is good only to learn a little bit more
than needed...When we do problems that are so
gone from reality, I think it's pointless.
Knowledge is cool -learning and understanding but some problems just waste my time! (m)
Math is a subject that is needed in society
today but not as detailed as we have in school.
(f)
[Math is] something good to know, but not sure
if all of it will be useful. (F)
Math has always been something I've had to take
to go further in school.
Rarely has it been
advantageous to know the math I do at work. (M)

Do all students need to study algebra and calculus,
most colleges insist?

as

Would students get more real life

mileage out of a different math focus,

such as problem

solving or graphs and practical statistics?
place to argue these questions.

However,

This is not the

it is the place to

note that often students resist learning that which they
feel.is irrelevant or on a level to which they do not
aspire.
A third, very small,

group of students seemed to have

an appreciation of math beyond its value as a practical
tool.

Examples from both age groups are:
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Math is the language of nature.
If you know and
understand math, then you can understand basic
ideas in nature, (m)
Math is an extension of philosophy.
To analyze
and critically examine problems and also as a
form to communicate ideas. (F)
To find precise and simplified ways to measure,
understand forces, predict results, etc. and to
study tried and true methods.
I think it also
means to study the history of humans' search for
control of our world. (F)
Math is interesting.
To do math means to me
knowledge of the world around me. (f)
It's fun to see why the rules and algorithms
work. (F)
It enhances the thought process and the use of
common sense. (F)
Math is a study in logistics.
It is the study
and discovery of the underlying patterns and
structures of numbers. (F)

These students seem to have developed a beginning
appreciation for math as a theoretical discipline.
in the interviews,

Since,

all of the teachers in this study

expressed a fascination with this aspect of mathematics,

it

is reasonable to assume that some of this came through in
their teaching.
In fact, when students were asked in the survey how
they thought their instructors would define math,

students

from Tim's, Victor's and Peg's classes said their teacher
would define math "as an art form," while others said they
thought their teachers loved "the beauty of the logic" in
math or would characterize it as challenging and fun.
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For

some,

then,

the usefulness of math includes its interest and

beauty as a mental discipline.

Fears and Beliefs
Many students indicated that they entered the remedial
course with a great deal of fear and apprehension about
their ability to succeed.

Responses to the survey question:

"Have your feelings about learning math and your ability to
learn math changed since you have been in this class?"
(Question 6)

reveal the depth of their conviction,

their experience in the current class,

prior to

that they wouldn't be

any more capable of understanding the math than they had
been before,

and how pleased they were to discover now that

this was not the case.
From the adults:

It's not an impossibility.
If I can do it
anyone can.
It's a great feeling - it's not my
favorite but the fear is gone. (F)
I feel that I could probably go on to more
difficult math if I wanted to.
I never felt
like that before. (F)
My feelings about learning math have changed
because I believed math to be an elusive
esoteric type of subject which had in the past
caused me great apprehension, anxiety and made
me feel somewhat deficient.
Now, although I
become very apprehensive at times, I am able to
begin to understand math and realize it is not
my "evil dragon" which I have to run away from.
Math is beginning to become enjoyable when I
understand it. (M)
Math is anxiety-provoking, although considerably
less since this course. (F)
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[Now] I feel I am^not stupid and I can learn
math...I have found I know a lot of math, but my
negative thoughts about math blocked me from
doing it. (F)
I was very bad in math in high school because I
didn't understand it_I hated math but now I like
it. (M)
Math is one of those classes you dread going to
because you don't do well in it. (F)
I for one have much anxiety around math...I'm
finding once the fear subsides, I'm doing much
better...(F)
And,

similarly,

from the younger students:

I used to hate it.
Now I like it because it's a
challenge I can figure out! (f)
Before I came into this class I tried everything
I could to get out of going to it but once I
have been in the class I have a better feeling
about it.
It's not to say all my reservations
have gone but I feel more confident in some
areas...I don't think the ability to learn
changes, but how you feel and perceive it do
change.
In high school I felt very alienated
and like I was the only one who didn't know how
to do math, (f)
I'm beginning to like math whereas before I
hated it since the fifth grade where I got my
first F in fractions, (f)
I've learned that I can actually do some of the
stuff I thought I couldn't, (m)

It seems evident from the students'

comments that

finally becoming successful in math decreased their fears
and,

as the fears dissipated,

more interest,

there was more confidence,

and more room for continued success.

It may

seem obvious that when people are finally successful at a
task,

anxieties associated with past failures would lessen.

But what is not obvious,

especially with math anxieties,
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is

how to break the cycle of failure given the barriers the
fears and negative thoughts place in the way.

Experience and Ability to Learn Math
The students were not directly asked about the role of
experience in learning.

However,

the following comments from

some of the adults indicate that they felt experience in the
real world had some bearing on their ability to learn math.
They said,

for example:

My frame of reference is greater and things make
more sense or are easier to grasp because of actual
experience. (F)
I think learning becomes easier with age because
there are more experiences to draw information
from. (F)
I think math has played an important role in my
life. And what I learned in high school has
helped me here in college as well as what I've
learned in the real world outside of school. (M)
As I age, I have a broader knowledge and
understanding of things. (F)

Summary and Discussion
Teachers'

Views

The consensus of opinion by the teachers was that there
are no fundamental cognitive differences between their older
and younger students;

age does not change a person's

intellectual ability to learn math.

In fact,

there was some

feeling that the ability to do well in math later in life is
predicted by "early connections
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"

in mathematical thinking

and problem solving,

or innate ability.

If math ability is

innate, people's feelings that they are or are not a "math
person" would seem to be justified and, having experienced
failure to learn math in the past,

they should expect to

fail again.
But "doing well" in math in college generally means
ability to do higher level math on an algebra-calculus track
which few students in the remedial/developmental math
classes need in order to pursue their goals. As a rule,
their goals and the math they need to learn are more
practical in nature -- basic math concepts for problem
solving at home and on the job,
computations,

for business and finance

and for understanding graphs and statistics.

In the teachers'

experience,

regardless of age,

all of their students,

have the ability to become mathematical

problem solvers at this basic level,

given an appropriate

learning environment.
Just what they believe this environment should be is
the focus of the next chapter. However,

relevant to this

discussion of differences among students is the belief,
expressed in different ways by each of the teachers
interviewed,

that learning basic math is a developmental

process in which students must be actively engaged in order
to succeed.
hard,

Students must be motivated and willing to work

and instructors must provide an environment in which

effort leads to real understanding,
memorization.
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not just rote

With regard to motivation,

all of the teachers observed

that the older students are far more motivated than the
younger ones.
tenacious,

As a result,

they work harder,

are more

and are more likely to aggressively pursue fuller

understanding of the concepts.

In contrast,

the younger

students often retain a "high school mentality" in which the
purpose of studying is to pass the course with a minimum of
effort.

They study less,

rely more on memorization,

and tend

not to persevere in the face of initial failures.
Adults also have more anxiety about math,

the teachers

said - more failures with math in their daily lives and more
deeply-embedded beliefs that they cannot learn even the
basics,
younger.

given their failure to learn them when they were
However, because they are so highly motivated and

regard initial setbacks as an indication they must work
harder,

they put in more time,

succeed. With success,

seek extra help and begin to

the teachers report,

comes more

confidence and a lessening of the anxieties that get in the
way of learning.

Younger students also have self-doubts and

anxieties to overcome, but to a lesser degree.
Consequently,

at the beginning of the semester,

the

older students appear to be slower learners as they spend
more time delving deeper into the concepts.

They also need

more time to adjust to the demands of being a student along
with their other responsibilities.

The younger students

appear to move more quickly through the material but tend
towards more superficial learning.
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By mid-semester.

however,

the teachers felt that the older and younger

students are generally on a par with each other.
studies,

In future

it would be valuable to have end-of-the-semester

evaluations with which to compare the two age groups'
learning.

Unfortunately,

the teachers did not comment on

how the two age groups compared at the end of the semester.
The role that adults' more extensive experience plays
in their learning of math was not clear.

The teachers felt

that experience was a force motivating older students to
return to college and to work hard.
about how they (the teachers)

But they said little

capitalized on this wealth of

experience in the content of their courses.
It is difficult to determine what influence these
generalizations have on how the teachers structure their
courses or interact with different-age students.

They

generalized about adults because I asked them to, but there
was no indication from the interviews that,
age,

on the basis of

any of the teachers made assumptions about how a

student should be taught.
To the contrary,

all of the teachers take a very

individualized approach to their remedial classes.
shall see in the next chapter,

As we

they all seem to take into

account that when the class begins,

different students will

be at different stages of development in their mathematical
skills, with various levels of motivation,

anxiety,

confidence and determination. Other non-age related factors,
such as differences in learning styles,
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prior math learning

and types of experiences using math are,

in the teachers'

estimation, more important influences on their teaching
methods.

Therefore, while age may provide some explanation

for a particular student's progress,
the student will progress,

it cannot predict how

nor prescribe a teaching

methodology.

Students' views
The older students agree with the teachers that they
(the older students)
towards learning.

now have a more positive orientation

Experience has shown them the practical

value of learning math;

it is no longer just a school

subject to be passed, but knowledge they are actively
seeking in order to achieve their goals.
They agree that they are more willing to work hard,
more determined to succeed,
hard work,

and more confident that, with

they will succeed.

Some feel that they have lost

some cognitive agility, but that effort and attitude will
compensate for these deficits.
They also agree with the teachers'
as older students,

observations that,

they are more inclined to ask

'why'

and

to accept new methods of teaching and alternative ways of
reasoning than when they were younger.
Thus,

as they have matured,

to be better learners:

they feel they have learned

they have better study skills,

better with frustrations or confusion,
reluctant to ask for help.
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cope

and are no longer

It is evident that these older students,

since

returning to school, have redefined ability in terms of
effort and attitude.

Maturity allows them to look back and

reassess past learning failures in light of new discoveries
about their ability,

and experience enables them to move

forward in a more efficient manner.

Younger Are "Older"
The students were not given a definition of "older"
when they were asked in the survey if they thought ability
to learn changes as people get older, but it was assumed
that the traditional-age students would differentiate
between themselves and the older,

returning students.

In

fact, most of the younger students saw themselves as
"older",
and,

and far wiser,

thus,

than when they were in high school

referred to themselves when they responded to

this question.
Interestingly,

their comments about ability and

attitude closely mirrored those of the older students.
the older students,

Like

they felt strongly that attitude was a

major key to learning math and that ability depends on
desire to learn.

They reflected on how much better learners

they had become since high school,

now that they were

"older" and could see the folly of their youthful days.
Still,

the younger students were not old enough to know

from experience the practical usefulness of math and were
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more likely to define it abstractly than as a practical
problem solving tool.

Choice
Choice was important to the students.

The difference

between attending high school because it was mandatory and
choosing to attend college was critical in reshaping their
attitudes towards learning.

Choice is motivating.

The

freedom to choose transformed them from resistant school
children into students with a "will" to learn.
empowering.

Choice is

It carries with it expectations of success:

if

you can choose to take math, you can choose to believe that
success might be possible, despite evidence to the contrary
in the past.

When people choose to learn,

they know they

are also choosing to take responsibility for their learning.
Not all students who attend college make the choice for
themselves.

For many traditional-age freshmen,

the choice

is made for them by their families and social status.
are expected to go to college,

They

so they go, with the

assumption that the reason why will in time become evident.
Because they are doing what they "should" do, what others
have decided is right for their future,

they may be

compliant, but they are nonetheless passive participants. As
such,

they lack the motivation that comes from knowing you

have taken control of your life.
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Conceptual Understanding and Asking "Why?"
At mid-semester, when the surveys were conducted,
students in both age groups indicated they were getting a
great deal of satisfaction from finally understanding how
isolated concepts,

operations and algorithms fit into the

bigger math systems.

No longer satisfied with memorizing

mysterious rules and formulas,

they now wanted to know why

these work.
Their new appreciation of real understanding gives rise
to two questions.

First,

is there a developmental point

where people suddenly begin to seek conceptual understanding
or is this an innate learning trait squashed in school by
teachers and tests that reward memorization and rote
learning?

That is,

is it maturity that makes students ready

to know "why," or is the key a learning situation in which
their innate desire to know "why" is rekindled?
In this author's opinion,
basic to human intelligence.
any other question.

Sadly,

the desire to know "why?" is
Children ask "why?" more than

they stop asking "why?" when the

answer-givers have neither the patience nor insight to
explain on a level a child can grasp.

Teachers and other

adult "experts" all too often make the inquiring novice feel
it is his or her fault that the answer is incomprehensible.
Sometimes this reflects the teachers'
picture;

own lack of a bigger

sometimes it is their inability to remember when a

particular concept was unclear to themselves.
case, when asking "why?" results in more,
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In either

rather than less.

confusion,
answers,

children learn to wait for the questions,

and

to be supplied for them.

Thus, while teachers would like students to have deeper
understandings,
must be covered,

in the interest of time and material that
students are more often rewarded for

memorization and routine applications, with the need to know
"why" becoming secondary.
chapter,

As we shall see in the next

the teachers in this study feel strongly that this

thwarted need for more than superficial understanding is the
crux of the problem for struggling math students.

Rote

learning produces students who are not only ill-equipped to
put math to any practical use, but who have become
increasingly convinced that real understanding is beyond
them.
A second,

equally important question concerns the

conditions under which a student will begin to demand,
versus merely appreciate, more complete understanding, both
of himself and from his teacher.

Is this a function of age

and maturity or of the learning situation?

The data from

this study indicate that nearly all of the students felt
strongly encouraged by their current instructor to insist on
clarification and explanations whenever they were confused.
Students in both age groups said,

for example:

In this class we are encouraged to ask for help.
(F)
I will ask for something to be repeated or ask
questions to get a clearer understanding.
She
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is always willing to answer the questions and
give more examples. (F)
I used to shut down.
Now I demand to
understand.
He either works it through in class
or we set up an appointment. (M)
I approach the instructor and point out what I
don't understand and he takes it step by step.
(F)
He makes it very clear that if you need help,
that he wants you to go to him. (f)
I ask my teacher right then and there and I get
results right away. (F)
I raise my hand and ask enough questions until
I'm satisfied to understand the work.
My
teacher will always make herself available to
me. (m)
I usually wait for someone else to raise their
hand when they don't understand, but I have
learned this semester it's important to ask
questions. (F)
The two shortest responses are wonderfully to the point:
I ask, he helps,

(f)

I ask with no fear,

Clearly,

(f)

these teachers have created a learning environment

that supports inquiry.

As a result,

becoming more aggressive learners,

their students are

actively pursuing

meaning.

Rethinking Assumptions about Adult Learners
How do the results relate to the adult learner
literature?

Are adults slower?

While the teachers'

observations lend qualified support to the early research
findings

(Apps,

1981 as noted in Chapter One)
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that adults

are slower learners,

the teachers did not believe that

adults were slower due to decreases in cognitive abilities.
Rather,

they attributed it to older students'

insistence on

deeper, more integrated understandings of concepts, which
take more time than the more superficial learning many
younger students seek.
Cattell's

(1963)

This explanation fits well into

distinction between the "crystallized

intelligence" of adults and the "fluid intelligence" of
youth

(see Chapter One).

perspective,

From the older students'

lack of speed was a secondary problem;

they

were more concerned with understanding and mastering useful
mathematical skills.

If Cattell's distinction holds true,

in a math course where the focus is on developing reasoning
and analytical skills within practical applications
quick recall of memorized material),

(versus

the returning student's

initial slowness may be an indicator of eventual better
learning.

Are Knowles'

(1984)

assumptions about adult learners,

outlined in Chapter One, valid?
Orientation and readiness to learn.

With regard to

Knowles' widely accepted assumptions about adult learners,
it comes as no surprise that both teachers and the older
students agree with Knowles that people are more open or
ready to learn when there is a real goal to be served and
when the relevance of the subject matter to their lives or
goals is evident.

In the context of remedial math,
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adults

who have found that their lack of mathematical knowledge
will prevent them from functioning effectively in,
example,

a new job or managing finances,

for

find that their

attitude towards learning math has changed dramatically.
Attitude,

the students said repeatedly,

learning math.

is the key to

Thus, when doing math is no longer just an

isolated ability, but has become a necessary skill they are
now ready to learn,

students are more likely to succeed in

learning it.
Motivation.

Knowles'

assertion that adults are more

motivated to learn by intrinsic goals
satisfaction,

self-esteem,

extrinsic factors

(increased job

improved quality of life)

(higher pay, better jobs)

does, not seem to

apply to older remedial mathematics students.
contrary,

than by

To the

the teachers reported that most of their students

were taking math as part of a career related course of
study.

Few older students have the time or inclination to

take math for other than practical reasons.

Intrinsic

factors are important outcomes for remedial math students,
but extrinsic factors appear to provide the motivation.
Self-directedness.
older remedial students,

Is self-direction important to
as Knowles also asserts?

It is not

clear how to interpret self-directedness within remedial
mathematics.
or old,

There was no evidence from the students, young

that they felt they would learn more or better if

they had a say in how the course was structured or taught.
To the contrary,

the adults,

like the younger students,
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say

they enrolled in remedial classes

for the very reason that

before being in the class they had little idea of what
mathematics is about and no idea how to learn to do it.
However,

the

statements from the students questioning

the usefulness of the algebra-calculus-track math they were
being required to learn underscores the point made earlier:
when math requirements are determined in institutions of
higher learning,

the real needs of learners,

older students with specific career goals,

particularly

are ignored.

Why

should students who need to know about graphing or
statistics or cost accounting have to learn algebra or
trigonometry?

If the reason adults return to college is to

become better workers and citizens,

then it seems prudent

that they should learn math and problem solving skills most
closely related to their work and citizenry.

In this sense,

self-directedness is indeed important to older students.

Need to know (usefulness).

Knowles claims that adults

have a need to know how new learning will apply in their
lives.

As this study has shown,

many college students,

this could be said about

regardless of age.

assertion for remedial math would be that,

A more useful
since adults

generally have more first hand knowledge of the usefulness
of math in real life,

they have more reasons to have a more

positive attitude towards learning it.

Younger college

students have the same need but many lack the experiential
basis to answer that need.
in this

Accordingly,

the younger students

study who fit in this category were annoyed by the
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seeming meaninglessness of the math they were told they must
learn.
Experience.

Conventional wisdom and the results of

this study are in agreement that a person's experiences can
provide many familiar contexts to which a person can relate
new learning.

That it is detrimental or insulting to ignore

a person's experience in a learning situation, as Knowles
claims, is too strong a statement.

More useful for teaching

remedial math is the simple recognition that people learn
math better when it is placed within familiar contexts.
Adults have more contexts readily available.

The challenge

for teachers is to find or create familiar contexts for the
younger students.

What is the best way to deal with math anxiety?

The

comments of the students indicate that the majority of them
had become less anxious since being in their current
mathematics class and that they were discovering how
negative thoughts and fears hindered their ability to learn.
These were also the students who clearly felt they were
becoming successful in math.

Not surprisingly, anxieties

decreased as success increased.

These findings appear to

confirm the findings from the combined intervention studies
discussed in Chapter One.

These were math learning

environments which combined a non-threatening learning
environment with attention to individual learning needs,
emphasis on the development of problem solving skills.
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divergent thinking and reasoning,

and which used small group

sessions to help students identify and deal with negative
feelings and fears about math.
In this study,
success,

the students attributed their newfound

their lessened anxiety,

and their growing

confidence in their ability to learn math in large part to
"the way my teacher teaches."
chapter,

As we shall see in the next

their descriptions of how their teachers teach and

the aspects they found most helpful coincide with the
descriptions of the successful intervention programs just
described.

Conclusions
The results of this part of the study indicate that,
with regard to undergraduates in remedial or developmental
math courses,

there are no cognitive differences between

older and younger students that would indicate a need for
different teaching approaches for the different age groups.
That is,

focusing on differences between older and younger

students does not provide any insights into the best way to
teach them math.
Furthermore, we have learned from the students that
they are more likely to succeed in math when their impetus
to learn math has become greater than their desire to avoid
it.

Attitude and the perceived usefulness of math appear to

be critical prerequisites for success.

Therefore, better

teaching insights would be gained if researchers and math
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instructors focused more on how changes in individual
students'

attitudes and beliefs about math and their ability

to learn it affect their ability to succeed where in the
past they failed.

The question then becomes not one of age,

but of readiness to learn.
It appears then that the best way to teach adults is
also the best way to teach younger students.
is good teaching.

But what constitutes good teaching of

college remedial mathematics?
the study,

Good teaching

According to the students in

their current teachers are very different from

those they had in the past,
helping them learn math.

and far more effective in

How we might characterize the

current teachers and their teaching practices is the subject
of the next chapter.
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CHAPTER 4
TEACHING COLLEGE REMEDIAL MATH - WHAT WORKS?:
PHILOSOPHIES AND METHODS

In Chapter Three,

it was found that the remedial math

teachers in the study do not find any fundamental
differences between their older and younger college
students,

either in their cognitive ability to learn math or

in how they should be taught.

Nor,

find generalizations about students,

as we shall see,

do they

older or younger,

helpful in understanding the students'

problems with math.

The one generalization they do make is that most students'
problems with math can be traced to poor teaching methods.
It was also found that most students agree with the
teachers that there is no direct relationship between age
and ability.

Ability to do math does not change just

because someone becomes older. Ability to learn math
changes,

they said, when a person's attitude towards

learning changes, when he or she chooses to make the effort
to learn, which can happen at any age.
But success in learning math is not just a function of
attitude and determination,
current classes,

the students said.

In their

the majority of students felt that they

were experiencing success where they had failed before. Math
was becoming less a mystery and more an understandable.

useful reasoning tool.

They attributed their new-found

success in math in equal measures to their new attitude
about learning and to "the way my teacher teaches."

Thus,

to the students, math ability is a potential that maturity
and purpose can help them realize if they have a "will to
learn" and if they have a "good" teacher.
This chapter explores the question of good remedial
college math teaching through the experience of reputedly
good teachers and their students.

The teachers were

originally selected for the study on the basis of
recommendations by colleagues

(in some measure, probably

influenced by feedback from former students), but
verification of their effectiveness or information about
their teaching methods remained to be determined by this
research--through the students'

own assessment of their

progress in learning math and of the role they feel their
teacher plays in the process.
students'

perspective,

As we shall see,

from the

these are clearly good teachers.

What makes these math teachers "good"?
or say that students find so helpful?

What do they do

Is the key to their

effectiveness to be found in a particular teaching
philosophy or special methods?

In their personalities?

their relationship to their students?

In

What instructional

and personal characteristics do they have in common and are
these the same characteristics that make them good teachers?
We listen first to the teachers talk about their
teaching practices,

described in terms of their philosophies
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about teaching math and in the context of their own
experiences learning math.
students'
teaching.
helpful?

We will then look at the

descriptions of these instructors and their
Which characteristics do the students find most
Which do they believe are not helpful?

And are

they learning what their teachers say they want them to
learn about math and about their ability to learn it?

The

chapter concludes with a discussion of the themes and
commonalities that emerged from this investigation.
The chapter is prefaced by a brief discussion of the
nature of math;

if we can understand why it is so difficult,

we can begin to understand the challenges it presents to
both teachers and students.

What is Mathematics?
"What it's for is different than asking what it is,"
Desmond pointed out.

In the pure sense, we use mathematics

to model the patterns and relationships we find in the world
using logic and deductive reasoning.
teachers,

For all of the

one of the main appeals of math lies in its

aesthetic quality,

in the beauty of the system and the

challenge of working within it.

In the more practical,

applied sense, we use mathematical tools and reasoning to
understand and theoretically manipulate our world.

The

logic and precision of math enables us to logically and
precisely solve problems, make evaluations and predictions,
and to communicate ideas and concepts.
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But what is math?

How can it be characterized?

first and foremost a theoretical system.
collection of concepts and procedures,
ambiguities and arbitrariness
Tim,

Linda).

Tom).

It is

It is a coherent

a subject free of

(Thompson,

in Silver,

It is patterns and relationships

1985;

(Mary,

Peg,

It is symbolic reasoning at many levels of

abstraction,

each of which is embedded in or connected to

other abstractions

(Desmond, Mary,

complex notational system,
set of elegant,
situations,

Peg).

Its tools are a

systems of transformations,

efficient algorithms which,

and a

in routine

are deceptively easy to use without

understanding the underlying concepts and relationships they
represent

(Davis,

1984).

For non-routine problems,

however,

math is "more than a collection of concepts and skills to be
mastered;

it includes methods of investigating and

reasoning, means of communications,
(NCTM,1989) .
Peg, Vic)

and notions of context"

Math is a method of problem solving

(Peter,

in which deductive reasoning and what has been

discovered about patterns and relationships are appplied to
novel situations
art

(Vic),

(Peg,

Tom).

It is both a science and an

as creative as it is systematic.

Whv Is It So Difficult for So Many?
What makes math difficult for many people,
said,

the teachers

is just that which makes it so powerful - the

hierarchical abstractions,

the elegant notational shorthand,

the detachment from anything concrete,
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and the seeming

contradiction between its anxiomatic rigidity and the
flexibility with which it can be manipulated.
To learn math,

students must move sequentially from one

level of abstraction to the next.

For example,

add or subtract in standard columnar form,

in order to

one must make the

often difficult connection between simply counting objects
to the more abstract concepts of base ten groupings
hundred,
rate,

thousands,

etc.)

and place holding.

(tens,

The rate of a

as in acceleration, presents yet another levels-of-

abstraction difficulty,

as does moving from the simple

observation that 9 out of 12 students in a class are girls,
to its ratio representation of 9:3,

to the more abstract

fractional or percent interpretations that three-fourths or
seventy-five percent of the students are female.
are gaps in the sequence,

or misconceptions,

move on with any semblance of understanding,
rely on memorized rules and algorithms

When there

students cannot
and begin to

(Kathy,

Tom, Vic) .

When people lack the basis for selecting a solution process,
when they are asked to make the leap to a level of
abstraction for which they are not yet ready,

they lose

confidence in their ability to reason mathematically and
simply quit trying

(Mary,

Tom) .

The problem is compounded by the vocabulary of math;
the precision and literalness of the definitions is often
difficult for students to apply consistently (Vic,

Peg).

Students who are global thinkers, who need a bigger,
overall picture from which to work,
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have difficulty when

concepts are presented piecemeal,

one at a time, without a

bigger mathematical context in which to place them, while
more linear thinkers are adept at learning isolated
concepts, but often lack the ability to see the
relationships between them (Peter).
However,

the biggest problem the teachers find is that

students have not developed logical thinking processes for
math.

Typically,

their past schooling focused on

calculating right answers to textbook problems,

not on

reasoning logically and pragmatically about real problems.
It is,

perhaps,

this narrow concept of math as predominantly

computation that limits students most.
opinion of the teachers,
basic levels,
solver.

The concensus of

therefore, was that at the more

everyone can become a mathematical problem

The challenge for the teachers is to create a

learning situation in which students learn to use
mathematical tools to reason about and solve real problems.

^^^^^(tfO^SsBroc^V^^erspectives; bn Teaching and Liearninq
Tom
Current Position
Tom is an associate professor at a small New Hampshire
state college, where he has been teaching math and math
methods courses for elementary and secondary teaching
students for five years. His classes as a rule are
predominantly composed of older,
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non-traditional students.

whose motivation to understand math from a teaching
perspective fits well with his background in mathematics
education research and strong focus on theoretically-based
methods of teaching.

From Learner to Teacher
Tom's elementary and junior high education was in
small,

rural schools where instruction in math consisted

mostly of learning to mechanically solve workbook problems.
Math seemed easy and when he tested higher on the
standardized test than the rest of his class,

he began to

think he was good at math.
In the 9th grade,
in the first semester,

Tom attended a private school where,
he nearly failed Algebra I;

in the

rural schools he had never been introduced to any algebra
concepts,

notation or problems.

n x " and " y " and the

concept of a variable were totally alien to him. By the
second semester,

he had begun to catch up.

Algebra II

presented problems of a different sort for Tom.

The teacher

in this course taught and would only accept as right
deductive solutions to word problems.

She believed there was only one right way - her
way. And I'm a very intuitive, inductive person
and she taught deductively.
I couldn't do word
problems, (like) the famous mixture problems...I
couldn't understand those equations for years,
but I could get the right answer by looking at
the proportions.
But I got no credit, even
though I had the right answer, because I
couldn't explain my work.
I knew I had the
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right answer,
point.

Fortunately,

I just couldn't explain it at that

two years later he had a pre-calculus

teacher who helped him understand the connections between
his intuitive problem solving methods and the more formal
math proofs.

It was a wonderful feeling of validation.
That
(the 9th grade) teacher was the one screwing up.
I was thinking fine.
I was a good mathematics
person.
I was a smart person.

Geometry in the 11th grade was "love at first sight."
Here,

Tom's intuitive, visual approach was the preferred

mode and, while the teacher was very demanding,
understood everything.

Tom

He was elated by the feeling that

"there was an open channel between his mouth and my brain."
Tom's success in the geometry class was an enormous
boost to his confidence and,

looking back,

a significant

influence on his current thinking about differences in
learning style.

"The memory of that teacher has made me

never say that you can't do it different ways."
In college,

Tom first majored in chemistry.

In his

sophomore year, bored with chemistry and excited by his
differential equations course, he switched his major to
math.

As in high school,

it was a teacher he "clicked with"

that was significant.

He made us think and he took an eye out for me
because he could see that I might be a future
math major.
He was like a mentor.
I think the
combination of having such a wonderful teacher
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in math that semester and such a lousy teacher
in chemistry pushed me into being a math major.

His goal then became to get his Ph.D in mathematics and
teach at the college level.
By the time he finished his undergraduate degree,
however,

he was "burnt out" from dry courses that "took all

the fun out of math."

He also did not like the prospect of

having to specialize in one small area as would be expected
for graduate work in math.
After a two-year respite from math,
worked in various odd jobs,
wanted to do was teach.

during which he

Tom realized what he really

Math teachers at that time were in

great demand and he had little trouble finding a position.
And from his first day at his first job at a Catholic high
school,

he knew that being a teacher "is where I belonged."

In his five years at the Catholic high school,

he taught

every math course offered for all of the grade levels.

Here

he was given the freedom to try out different methods of
teaching and, because he had never had any education or
teaching courses,

to make mistakes.

It was during this time

that he also began and completed a Masters with
Certification in Mathematics Education.

The education

courses were helpful but he recalls that his biggest lessons
on teaching came from the frequent,

afterschool discussions

he had with the biology and civics teachers from the school.
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Two years in the Peace Corps teaching math in a little
village in Nepal left him with so many questions about
teaching and learning,

that his direction became clear:

I'm too much of a philosopher.
I want to know
why.
Why people don't learn as well, why so
many people have trouble with math, why some
people do better than others.
In high school,
most of the teachers were so busy dealing with
the discipline problems and grading papers,
there wasn't the energy or desire to ask those
kinds of questions.
I knew that I would go to
graduate school and get my doctorate and teach
teachers.

While in graduate school,

Tom studied learning theory,

became associated with a research project studying math
problem solving and learning and,

for a year,

taught their

freshman remedial problem solving course to both traditional
and non-traditional age students.

The following two years

were occupied with research in learning and completion of
his dissertation.
1986,

He received his doctorate in education in

at which time he began teaching at his current

position.

It is as a teacher of teachers that he is

happiest.

Teaching
Tom's graduate work introduced him to Piaget's
constructivist learning theory.

This theory has been the

major influence on his thinking about mathematics
instruction.

He believes strongly in constructivism's basic

assumptions:

that humans have an innate tendency to organize
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and adapt;

that,

as we make more and more observations about

a subject or concept, we develop better organizational
schemes to represent what we have observed;
are innately curious.

and that humans

They want to know "why?".

Mathematics as we know it today,

Tom said,

is the fully

organized result of centuries of assimilating and re¬
organizing observations about patterns and relationships in
the world.

From Tom's constructivist point of view,

students have trouble with math when they are asked to learn
the results of other people's mathematical thought without
understanding the process from which the results developed.

The way learning mathematics is defined in the
U.S. is that you can produce answers; you can
master procedures in algebra.
Learning math to
me is being able to apply whatever you've
learned to novel situations.
You can articulate
the structure...explain it and use it to solve
some new kind of problem.
What mainstream
mathematics is, is taking the fully organized
information and giving it to the kids and
saying, "Here, store this," instead of letting
them discover it.
We say: "Here's how to do it.
Now do it."

Traditional mathematics texts and instruction,
out,

Tom points

focus mainly on procedures and vocabulary that are

conceptually meaningless to the students.

As a result,

students'

attention is taken up with memorizing the

routines,

rather than exploring and discovering the

properties of the math.
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the

Discovery Process
In Tom's classes, however,

he provides students with

learning situations in which they can come to their own
understanding of a concept by discovering it for themselves.
He beleives this discovery process is critical for building
flexible schemes of concepts that can be applied to new
situations.
But Tom has found that leaving students too much on
their own in the discovery process is often counter¬
productive.

I used to be a very extreme constructivist and
some of my students were so upset by that, that
their anger and frustration and feeling lost
shut them down.
And so what I have taken to do
more is to use the concept of David Ausubel, of
an advance organizer.

An advance organizer, he explained,
discovery process.

structures the

The use of an advance organizer enables

Tom to move students progressively from simple to more
abstract representations of concepts,

so that students can

discover for themselves the patterns that are emerging.

One

of the most important aspects of this process for Tom is
that it capitalizes on what students know,

instead of on

what the teacher tells them to know.
To illustrate how this process works,

Tom described how

he uses an advance organizer to help his student teachers
get a better understanding of greatest common factors,
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a

concept he assumes they have encountered before but never
really explored.

I would ask them: "If I were to ask you to find
the greatest common factor of 12 and 20, - don't
do it, - what does that mean?"
Then I would
have them write individually, then talk with
another person, share each other's definitions.
They're allowed to say: "That doesn't make
sense." or "I think you've got it, but this word
is too ambiguous.
I'm not sure what you mean."

When the class as a group has come to a consensus on
the definition, he then asks them to individually apply it
to find,

in this case,

the greatest common factor of 12 and

.

20

Tom wants students to see that there is more than one
way to think about or solve a problem.

He is determined

that students not experience the frustration and loss of
confidence in their reasoning that he remembers feeling when
his Algebra II teacher insisted there was only one way (her
way)

to do math.

So,

at this point, he has the class look

at the different ways people arrived at the answer.

They'll do it by different ways.
Some people
will take all the factors of 12 and all the
factors of 20 and make a list.
If you take the
set of factors for each number and find the
intersection of the two sets, it's the largest
number in that intersection.
Other people will
spontaneously look at prime factorization factor each down to its primes, find the factors
in common, and multiply them back up.
So we'll
look at a couple of those that come from the
students, rather than from the book.
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And then Tom presents them with the next level to
explore.
And then I might jump bigger: "What about the
greatest common factor of 80 and 144?"
Here the
intersection method starts to break down, it's
too cumbersome.

Thus,

Tom lets students discover for themselves that, while

there might be several ways to find an answer,

some ways are

more efficient in more complex situations.
In the next step, Tom lets students explore mapping the
concept onto an abstract representation.

Then we might do another problem where we look
at it at a more abstract level: "If I take the
greatest common factor of a and b, will a and
b both divide by that number?"
Then we'll
discuss that.
So most of my classes are going back and
forth between me being in the front of the
class posing the question, then investigating
the question in small groups, the pairs, or
doing some writing to flesh out what they are
thinking, and then coming back and discussing
it in the large group.

These are two of the most important facets of Tom's
teaching methodology: posing open questions that encourage
discovery and setting up situations in which students refine
or expand their own reasoning,

rather than passively

absorbing what a teacher tells them.

Cooperative Learning
A third important element of Tom's methods is creating
a cooperative learning environment.
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In such an environment.

students learn more from each other than from the teacher or
text.

I am convinced now that if you want to develop
higher order thinking, you have to spend a good
part of the time in pairs, in cooperative
learning.
They learn by talking, by discussion.

But cooperative learning is not just discussion,
explains.

In cooperative learning,

Taking turns,

Tom

students work in pairs.

they learn to listen to their partner's

definition or explanation,

and to ask for more precise

definition wherever the explanation is vague.
Tom sees this process as much like writing rough,

first

and second drafts in the writing process. As the pairs work
through the process together,

each successive explanation or

definition becomes more precise,

and more useful.

the pairs then shares its results with the class.
goal is that,
process,

Each of
Tom's

as a result of the cooperative learning

students can clearly articulate their

understanding.

To Tom,

that is the real indication that

learning has occurred.

Understanding Through Patterns
I asked Tom how he dealt with concepts that are
difficult for students to "discover," ones for which there
are no simple visual representations.

You can't discover everything at its underlying
structure.
Let me take an example, negative
numbers.
You can get models that will help
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students see that if you add two negative
numbers, the sum is negative also. You can use a
number line representation for adding a negative
and positive number.
When you get to
multiplication and division, that's more
difficult and I have never found a visual model
for them that isn't so cumbersome for them to
learn.
So I use an intuitive notion, I use
patterns.
I put a problem on the board and
say: "5x4= 20, 5x3= 15, 5x2= 10, 5 x
1=5, 5x0=0; what's the next problem?
It's 5 x -1.
What does the answer have to be
if it follows the pattern?
It has to be '5'."
They can see that.
It's no mystery.
It's intuitive. It's a pattern.
I use this to help students believe they
have some way of accepting that it is true,
rather than accepting it just because I say
so.
Usually I tend to visual, but this is one
example where I've given up on it.
Similarly with dividing fractions: why do you
invert and multiply?
I use patterns 4/2 is 4
x 1/2, 6/2 is 6 x 1/2
until they can see
that the division is a multiplication.
And
that's about as far as I go with that, to the
point where there's some rationale for it. And
you can do that in 20 or 30 minutes.
If you
jump into a model to really understand it, it
could take a week.
Or we can just say this is
one of those things that we'll take a little
while to look at a couple of models that sort of
get us there, then we'll move on and apply this
knowledge.

Extra Help
What does Tom do when students can't seem to "get it"
during class?

He said students who are confused come to his

Friday afternoon office hours.

They work as a group, with

Tom taking even less of a teaching role than in class.

In fact. I'll give them a question.
We'll
pursue it to make sure they understand the
question.
And then I'll say "I'm going to leave
the room and you will come and get me when one
of two things happens:
When you understand it
and you can explain why, or you become
hopelessly stuck.
Because if I stay here, I'm
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going to start telling you how to do it if I see
you're stuck.
And you'll just wait me out. So
I'll leave and you come and get me when you're
ready."

Tom has been told by many students:

"I wound up learning

more on those Fridays than I did in regular classwork." This
does not surprise Tom.

With the small, highly motivated

groups that come for help on Fridays, Tom said he can do
much more "pure constructivist" teaching than in class.
That is,

he tries not to do any "teaching" at all.

Leaving

the room insures that he will not interfere with their
learning process.

[This technique] has been wonderful because I'm
a teacher, I can't help but teach.
When I
physically remove myself, I can't do it.
And
then they learn.

Learning From Mistakes
Tom wants students to view learning in terms of success
and failure,

versus reward and punishment.

use failures

(mistakes, wrong answers)

He wants them to

as learning tools,

a way to pinpoint and correct errors in thinking.

So,

instead of taking off points for wrong answers on quizzes,
Tom gives credit when students rework incorrect solutions
and can explain how the incorrect solution occurred.
again,

Here

verbalization of what is going on conceptually is

important in helping students structure and refine their
understanding,

according to Tom.
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as

Writing about Math
One of the most useful tools Tom has

found is asking

students to maintain written learning logs.
logs in a variety of ways.

For example,

working in class on a problem,

He uses the

when students are

he will sometimes have them

stop mid-problem and write for a few minutes about the
problem and their reasoning,
written.

and then pass in what they have

Or at the end of class,

about what they learned that day.
calls

"thought protocols,"

he will ask them to write
A third use is what Tom

in which students write out every

step and thought they have as they are solving a problem.
Each of these written exercises has two purposes:
students learn to monitor their own reasoning,

to help

and to help

Tom understand individual thinking problems.

Good Questions
Tom believes that students become more motivated to
think mathematically when they are trying to solve
meaningful problems.

Meaningful problems may be those which

have, social or personal importance or they may be problems
that are mathematically rich.

The important part is that

the Questions to be answered come from the students,

not the

teacher or the text.
Thus,

Tom presents students with open-ended problem

situations which reguire the students to formulate the
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questions,

collect and analyze data,

and determine which

mathematical tools to use to find solutions.

Tom's

experience has been that only when the questions and the
solution process are generated by the students, when they
own the problem,

do they become actively engaged in the

learning process.

Resistance
Not all students immediately like these non-traditional
methods of learning,

Tom said.

Many students have a deeply

ingrained model of school based on passive learning and
textbook problems.

Their model does not include using

concrete manipulatives, writing about math,
questions.

That is,

they resist becoming active learners

engaged in discovering math.
training,

Tom said,

or generating

It takes many weeks of

to convince them that the new methods of

learning are useful.
However,

Tom has no illusions that he will convince all

of his students to become "thinkers" rather than
"producers."

The following entries from his students'

learning logs keep him mindful of this point.
complained:

One student

"In this course, he made us do all the thinking.

He wouldn't teach us anything," while a second student,
the same class,

said appreciatively:

from

"I've learned so much

from this course because he wouldn't just tell us. He made
us think".
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Certainly,

Tom is pleased by responses such as the

second student made.

Still, he is continually concerned

about students who feel like the first student, who cannot
see the value of becoming "thinkers."

Particularly since

these are future teachers, who will impart their own view of
learning math to their own students,

Tom works continually

to find methods that will demonstrate the usefulness of his
approach.

Tom's Students
Is Tom a good math teacher?

Is he successfully meeting

his objective to teach his students to become "thinkers"
instead of "producers"?

Do his methods "work"?

That is,

his students feel that they are learning to do math,
they are really understanding it?
teachers for being in Tom's class?

do

that

Will they be better
The comments from the

students will help answer these questions.

(Responses from

the older male and female students are cited by "M" and "F",
respectively;

responses from the younger males and females

by "m" and "f",
First,

respectively.)

it is evident that Tom's students are clearly

aware of the type of learning he wants them to pursue.

He emphasizes understanding math and
deemphasizes doing math by rote memory.

(F)

He teaches why something is true.
He makes you think
about a math concept to develop your own
understanding of the concept. (F)
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It is something that has to be understood,
just taught to you. (f)
Knowing the "why" behind the procedure/
memorizing the answer, (f)

not

not just

Now I'm learning how and why things work and how
to analyze how I'm thinking, (f)
He requires a great understanding of the
concepts behind mathematical functions and
structure.
He does not believe in rote
memorization, (f)
He tries to get us to think in different and new
ways. (f)

Second, while Tom's constructivist approach to learning
is new to all of the students, most of them expressed,
varying degrees,

in

an appreciation for this approach and for

his teaching methods.

It is really interesting to find out why
algorithms and math rules work.
That is what he
teaches us. (F)
I like that he explains the reasons for many
things. ... I understand that understanding
math is more important than just getting the
correct answer.
Also, I realize that trial and
error are important. (F)
I love the way he teaches.
He explains
everything.
I've never understood math the way
I do now.
He doesn't use the book much which is
good.
He doesn't just teach; he shares and we
share with the class and with single students.
It's great, (f)
Learning math is much different now because now
I have the underlying meaning to each process.
(f)
He teaches in a very new and innovative way.

(f)

Before this class, math meant you have a problem
and you find an answer.
Now we know the process
and can explain it to others, (f)
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But,

just as Tom had observed,

some students resist the

change from passive to active learning.

It's fun to see why the rules and algorithms
work, but I'm still not "into" figuring out
math.
I just want the answer, or a trick to
get the answer.
However, it's important to
know why math works even if one doesn't
particularly like it. (F)
I'd rather ask them [the group] how to do
something than ask the professor because he'll
go into a lengthy explanation of "why," when all
I really need to know is "how."
Once I figure
that out, then I'll need to know "why."
Also, I
think it is unfair for him to always ask us to
put concepts in our own words - sometimes he or
the book says it best, (f)

Some,

like this student, have mixed feelings.

She first

complained:

I have difficulty because of the instructor's
approach to teaching.
His methods are totally
different than how I was taught so, although
these methods of teaching are good for new math
students or students familiar with these
methods, I have difficulty following. (F)
Yet,

then said:
Although I am not doing well, (I have a CD
average in this class), I am beginning to
understand the underlying structure and patterns
in math.

One young woman perhaps summed up the resistant attitude
most aptly when she said she likes "when he explains
things," doesn't like when he "makes us figure everything
out," and wants "less writing," because "this is not an
English class."
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Third, many of Tom's students find the group process
very helpful for clarifying their thinking or working out
problems.

The instructor encourages us to communicate our
understanding of the material in clear and
concise ways.
It is very helpful to hear other
people's explanation of their understanding. (F)
I have two math partners and we get together two
to three times a week and we can basically
answer each other's questions, (f)
The groups really help because I can understand
things better, (f)
Groups are very helpful, because it's you and
only a few other students, so you're more
inclined to open up.
Rather than admitting to
thirty-plus students you don't understand, (f)

In fact,

the group process is so successful that the

students have come to rely more on it than on the teacher,
which is exactly Tom's goal.

When asked in the survey:

"When you don't understand something in this class, what do
you do?" typical responses were:

I ask members of my math group or if need be my
math instructor is always available for help although I've not needed to go for extra help
yet. (F)
I go to another member in the class and we work
together.
If we both do not understand, we ask
the teacher, (f)
If I don't understand something usually someone
else in my group understands.
If we were to ask
our instructor, he would probably ask us more
questions so we would discover the answer
ourselves, (f)
I try to understand the concepts by asking
members of my group.
If this doesn't work,
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I

ask the instructor.
He is helpful and gets
excited when his students "get it", (f)
We have group studies and once a week we get
together and talk about the problems we have and
discuss our homework.
If we really don't
understand something, we go to the instructor.
He loves to help students think, (f)

These comments also indicate that the students still
think of Tom as a source of help.
help them.

They know he is happy to

But they have learned to try and work out

problems among themselves first and, in the process, have
become more independent problem solvers.

Equally important,

they have gained confidence in their ability to understand
math on their own.
Some students talked about the writing assignments,
saying,

for example:
The way he has us explain all our answers, four
problems can take twelve pages of paper.
Sometimes it's time consuming, but I don't think
he would make us do it if it's not benefiting
us. (f)

Are Tom's students learning math?

According to the

majority of his students, the answer is "yes."
I think I've already learned more in this class
than all other math courses put together, (f)
I feel more confident about learning math
because my teacher has taught in such a way to
allow me to understand procedures which I never
learned or understood in high school.
Now I
realize that I've had the ability all along. (F)
I love the way he teaches.
I've never
understood math the way I do now.
I always
loved math.
This class has just made me realize

129

more that I like it.
I'm not sure whether to
minor in it or not. (f)
[In this class]
doing, (f)

I know "why" I am doing what I'm

I'm beginning to like math whereas before I
hated it, since the fifth grade where I got my
first F in fractions, (f)
I have a more positive view of math and my
ability to do it. (f)
I have decided [since being in this class] that
I would like math to be my minor. I liked to see
how excited my instructor was and to really see
that math is "fun", (f)
Clearly, Tom's students are getting a lot out of his
course.

They have gained an appreciation for "thinking"

rather than "producing."

They have learned a variety of new

methods for helping themselves and their future students
understand mathematical concepts.
are finally understanding math.

And, they feel that they
As a result, they have

become more confident and more independent learners and
problem solvers.
There is one other important facet to Tom's teaching
that is apparent from the students' comments.

The students

are vividly aware that Tom loves math and loves teaching it.
They say he would characterize math as "exciting," "fun,"
and "the most important thing in today's society."

They

describe him as an "enthusiastic," "interesting," "exciting"
teacher who "hopes to spread his excitement" about math and
who "makes us do all the extra work because he must care."
It is obvious that Tom does truly "love to help students
think."
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Linda
Current Position
Linda is a professor at a western Massachusetts
community college.
faculty there,

In the ten years she has been on the

she has taught every level of math from basic

math through applied calculus and statistics.

Her students

range in age from seventeen to seventy years and are diverse
in backgrounds,

experience and goals, with older,

students making up the majority in her classes.
years,

she has taught the basic math course

returning
Over the

(M100)

at least

fifteen times, mostly to mixed-age groups.
Unfortunately,

the semester I interviewed Linda,

was not teaching M100 and,
at that level to survey.

therefore,

she

did not have students

However, because of her extensive

experience with both older and younger students at the basic
level and her reputation for teaching excellence,

I felt it

would be important to include her observations and insights,
independent of student comments,

in this research.

From Learner to Teacher
For Linda, math was always a subject in which she did
well.

However,

in the 9th grade,

she took the standard

algebra instead of the advanced algebra course because the
advanced course had a reputation for being too difficult.
Halfway through the standard course,

the advanced algebra

teacher convinced her to switch to his class and, with his
encouragement and a lot of extra help,
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she not only rapidly

caught up with the class, but became confident enough to
join the math team.

To this highly supportive teacher she

attributes both her certainty to major in math in college
and her desire to become a high school math teacher.
Linda graduated from the university with a B.S.
in 1977.
graduated,

in math

"From the day I entered college until the day I
I was going to be a math teacher," she said.

she progressed into higher levels of math,

As

she often had to

struggle with the material, but it was more of a challenge
than difficult.
Certified to teach high school math,

Linda's first job

after graduating was at a technical high school.
of the first six weeks,

Linda,

By the end

a perfectionist by nature,

was distraught and overwhelmed by the weight of the course
load

(ten courses over two weeks) which meant seventy papers

to grade each week,

in addition to coping with major

discipline problems and many administrative demands.
was no time to teach well.

There

At the end of the school year,

she left the job and began graduate studies in a
biostatistics program.

In 1980,

she received her Masters

Degree in Public Health.
While in graduate school,

Linda taught part-time for

the community college where she now teaches and,

upon

graduation, was hired by the college as full-time faculty.
In addition to her work at the college,

Linda consults in

the schools and develops special math programs for kids.
recent project was a lively kids'
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phone-in math show being

A

aired on cable T.V.

She has also taught: graduate courses

and given workshops for elementary school teachers.
"So much of my identity is bound up with being a
teacher," Linda said.

Despite,

or perhaps because,

of her

frustrating experience teaching in the technical high
school,

Linda is committed to finding new and better ways to

teach math to students of all ages.

She believes ardently

that the problems students have with math are most often the
result of the way in which the math was taught.

Teaching
For Linda,

"teaching math is about compassion,

and the willingness to be with the student."
concern,

she said,

empathy

Her number one

is that students know that she cares

about them as people and learners.
Her second major concern is "to continually show an
enthusiasm and excitement for what you're teaching" because
she thinks it's "infectuous."

From what people have said, I'm very passionate,
very enthusiastic.
So I can hold attention in
the sense that I can get students to work at a
high level of labor.
Almost that I pass on my
own drive.
I'm very driven.
I don't accept
anything less from my students.
I want them to
excel at their own level.

Linda is "driven" to pass on the excitement she feels when
she,

herself,

sees a mathematical concept in a new way.

I get really excited when I discover new ways of
knowing something I already knew and can show it
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to students in a way that they can really
visualize it.
I think I transmit the
experience/ when I've had them, of being very
excited about discovering things like why
invert-and-multiply for division of fractions
works.

Linda's third key concern is to "always try to remember
what it's like to be taught something that you don't know."
She tries to think like her students, understand where they
are in their thinking and level of knowledge,

so that she

can better understand what their difficulties might be.

I feel like I'm very aware of their struggle. If
I can understand how they're thinking, then I
can teach them.
Sometimes I have to undo their
thinking. That's the hardest part, identifying
their misconceptions.
Unless they can convince
themselves why their misconception is wrong,
they can't get rid of it.

Putting herself "where the students are" enables Linda to
find their starting point,

to identify their existing

knowledge and build on it by presenting concepts in a
variety of concrete and abstract forms that they can relate
to what they already know.

Methods
Linda said she uses a variety of teaching methods:
question posing,

lectures,

group work, writing exercises,

discussion, varying the method for different concepts and to
suit different students'
to teaching,

learning styles.

Linda's approach

like Tom's, has become increasingly student-

centered, with more empahsis on cooperative learning;
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however,

she believes that abandoning traditional methods of

instruction completely can be counter-productive.

I think that the teacher who tries to get away
from lecturing entirely has a problem, because
the students are so tied to having the teacher
give them the structure, they revolt [if the
structure is removed entirely].
Once there is a
certain system of trust established with them
[the students], then you can be a little more
student-centered.

True to her committment to "be with the students,"

Linda

acknowledges the expectations students have about teachers
and school,

and the resistance or discomfort they experience

when confronted with a drastically different learning
environment.

Moving students away from passive learning,

getting students to think more on their own,

asking students

to rely on each other--these are skills that must be taught
along with the math itself.

Ideal Learning Environment
Ideally,

Linda's classes would be conducted in a math

lab format, where students work with each other on problems
that are of concern to them and teachers are available for
help when needed.

I see a huge room with a couple of teachers,
lots of light, plants. The room has computers in
it, calculators, manipulatives.
And there are
lots of little modular learning areas with round
tables and students working on a problem
together.
Maybe some people writing on the
board and discussing it. Maybe another area
where someone is working individually on
something or with a tutor.
Maybe part of it
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like a typical classroom, so that there would be
some structured teaching at times.

Within the traditional college setting in which she actually
teaches,

Linda tries to incorporate as many facets of her

ideal learning environment as she can into her classes.

Cooperative Learning
As Linda said above,

group work and cooperative

learning are becoming an increasing part of her teaching
methods.

I'm starting more and more to let students be
resources to each other.
More cooperative
learning.
When there is a question, I try to
let the group work it out.
If they need help, I
try to ask a leading question.
Sometimes I just
have to tell them.

Content and Curriculum
One of Linda's on-going concerns is determining the
appropriate content for community college developmental math
courses.

She and Peter, who teaches at the same college,

have been working together to develop an alternate
curriculum to the traditional calculus track,

one that

reflects the needs of the students and focuses more on
problem solving.

I think what they need to know is dependent on
where they're going, on what the person has in
mind for goals.
If you're just going to work a
cash register, you don't need to know much math.
But if you're going to try and figure out the
solution to some of the environmental problems
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or energy problems that we have,
to know a lot of mathematics.

However,

then you need

Linda firmly believes that everyone should

have enough basic math and problem solving skills "to
survive as a consumer in our society."

How to teach people

those skills can be approached in more than one way.

I think everybody should have the ability to
reason and think.
Now whether you want to put
that into a content language and say we'll do
fraction problems or percentages, or you want to
go through a content where you're giving a group
of people problems and letting them figure out
how to do it, then giving them the math they
need to do it, that's another way.

How much algebra is necessary for a course in problem
solving?

We don't know yet.
The level of algebra that
they [the regular basic math courses] are
offering is a real basic level, to give them the
idea of how things can vary, that there is a
variable you can solve for in an equation, of
negative and positive numbers.
I would say that
is the minimum [they should know] .

For a problem solving course, Linda feels that students need
to have some prior experience using the basic algebra to
solve word problems,

to build expressions to represent

relationships between things,

and to understand how to

represent one thing in terms of another.
Why can't Linda simply design and institute a course
that focuses on reasoning and problem solving?

The problem,

according to Linda and many of the other teachers,

lies in

how schools and colleges assess mathematical competency.
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Traditional methods of assessment,
and SATs,

such as placement tests

are usually multiple choice tests which measure

ability to quickly compute right or wrong answers.

Little

credit or attention is given to reasoning and problem
solving skills.

The system will change only when it can be

shown that students taught from a problem solving
orientation do as well,

or better,

taught in the traditional ways,

in college as those

Linda said.

Linda's methods of testing her students have changed
enormously in the ten years she has been teaching.

As her

methods of teaching have evolved to focus more on problem
solving,

reasoning and critical thinking,

the kinds of

questions she asks students to test their learning have also
changed to reflect these kinds of thinking skills.

Peter
Current Position
Peter is an energetic,

thoughtful man in his early

forties who teaches at the same community college as Linda.
He joined the faculty there a year and a half ago after
several years of part-time teaching at other colleges in the
area.

Along with other teaching responsibilities at the

college,

Peter teaches one section of the Basic Math course

each semester.

The classes are typically mixed in age, with

older students in the majority.
As I talked with Peter,

it quickly became clear that a

driving force in his choice of career was his need to find a
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vocation that allowed him to be as much a humanist as a
mathematics academician.

From Learner to Teacher
"Math is something I always got strokes for," Peter
said.

In elementary school, he happily and correctly did

all of the exercises on the math mimeo sheets, was always
rewarded for successfully completing the tasks,

and was

never asked to think about what they meant or their value.
He continued to be successful in math throughout high
school.

Confident of his ability and comfortable with the

subject, he was generally an A-minus student in math,

losing

points mainly for careless mistakes.
When asked about the teachers he had in high school,

he

said that because he was placed in the more advanced math
classes, which were taught by the better teachers, most of
his math teachers were "dynamic,

energetic and supportive."

But he did well with even the more boring teachers because
"the structure of it

(the math)

sustained me."

It seems

that Peter graduated from high school viewing math as a
nicely-structured, well-organized system,

interesting and
i

enjoyable in and of itself, but having given little
attention to its applications in the real world.
Peter's career as a math major at a prestigious liberal
arts college was short-lived.

In his sophomore year,

at the

same time he became discouraged by an abstract algebra
course that was over his head, he realized he was much more
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interested in people than numbers.
late

'60s,

sciences.

It was,

after all,

the

when everyone was gravitating towards the social
His degree was in Sociology and Child Study,

with

certification for teaching K-6.
Peter taught at the elementary level for three years,
including one year teaching 6-11 year-olds in England,
it was not entirely satisfying.

During this time,

had a profound effect on his thinking:

but

two books

Zen and the Art of

Motorcycle Maintenance and The Ascent of Man.

The first

helped him see how he could combine his humanistic,
romantic,

idealistic side with his linear,

mathematical side;
things,

the second showed him,

why the Pythagorean theorem works.

logical
among other
In his words:

I was at once delighted and furious... delighted
to have something to help me make sense of what
was till then just a memorized formula and I was
furious that it was just a memorized formula.
I
had always done very, very well with those
memorized formulas, but that's all it was to me.
There [had never been] any concrete
representation of that.
And I resolved at that
point that I would go back to school... to
develop elementary curriculum.

Peter returned to the university for graduate work in
education.

To support himself while in graduate school,

taught Pre-calc,

Trigonometry,

Statistics,

he

and Business and

Social Science Calculus and "fell in love" with college
level mathematics teaching.

After graduating,

Peter taught

part-time at several local colleges until he found his
current

full-time position at the community college.
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Teaching
Peter's philosophy about and approach to teaching is
very similar to Linda's, which makes it possible for them to
work together effectively to change the way math is taught
at the college.

Like Linda,

teaching is about caring,

Peter believes that good

excitement and support.

I think the key is when my students perceive
that I care.
That's more important than any
particular style or strategy or technique that I
use.
They want to know they are supported and
encouraged, and that I understand where they're
coming from in terms of the struggles they're
going through.

It is important to Peter to transmit the excitement he
feels about math and about learning to his students.

When I present in the classroom, I consider
myself to be loud and dynamic.
I'm very
physically demonstrative, move around a lot,
excited about stuff.

get

Student-centered
Peter tries to set up an atmosphere and learning
situation in which students can have the same kinds of
discovery experiences about math and their ability to
understand it as he had when he learned,
the Pythagorean Theorem works.

for example, how

In order for this to happen,

Peter believes that students must become active learners and
he should not be the focus of their attention.
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What I would like to tell all students is that
the way to learn math is to explore and to be
active and to experiment and to create it
yourself.
I will confess that I think that I am
a very good traditional teacher, where I'm up
front and I'm the focus of the class, because of
my energy and I find ways of explaining things
that help students understand.
But
philosophically I don't think that's the best
way for students to learn.
Certainly it's not
the best way for them to gain confidence in
their own ability to see the big picture and
build concepts themselves.

Like Tom,

Peter struggles constantly against his natural

instinct to help students by explaining or lecturing.

I know that if I get up in front of the class,
I'm going to be able to clear up that issue for
most of the students, just like that, and in
some ways that's so much easier than having them
struggle with it, having to race around the
room, losing people because I wasn't aware that
this person didn't understand it.
It's hard to
be clear about where everybody's at.

Like Linda,

he is sensitive to his students' unease with a

non-traditional learning situation.

It's a very different model than what they're
used to. They're feeling like, well I hate math
anyway and here he's not telling us how to do
it.
So there's some level of frustration with
that that we have to work through.

Peter has found that even his Socratic dialogue type of
lecturing makes students uncomfortable.

One thing that I've learned is that students,
when they ask a question, often are asking a
different question than what the words sound
like.
And so I often put their question back to
them and at times they find that intimidating.

142

Therefore,

he tries to find a compromise between what he

believes is good for them and what they will accept.

So I go back and forth and I think I will always
have a balance of some me-focus classes and some
them-focus classes and some classes that are
mixed.

However,

the balance in his teaching, he said,

has become

weighted increasingly towards more "them-focus," active
learning techniques.

Active Learning
Peter said his methods for teaching developmental math
are still evolving.
concepts

(e.g.

In the past,

fractions,

the focus was on the math

decimals,

etc.), which were

presented to students using a variety of representations and
methods--manipulatives, writing, problem applications--to
help them really understand the concept.
out,

the focus was on the concept.

But,

Peter pointed

In his current course,

the focus is on the problem and students1

reasoning, with

the problem generating the need for the mathematical tools.

I try to get as much hands-on work as possible.
For example, in the Cabin Problem, they have to
develop a materials list for building a cabin.
This gives them a lot to argue about and
struggle with. [They have to] create their own
solutions.
That's the goal.
And the motive is
to have them solve problems and have them
recognize that sometimes the solution to the
problem is within them, not hidden in some
secret formula, and that they can find the
methods to find solutions for problems, even if
they don't know "the formula."
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Concrete materials are also used to help students understand
the rules and algorithms they use in computations.

I ask them, for example, to give me the rule for
adding two or three-digit numbers verbally ...
in general.
So they have to think about what's
going on and how do you describe that.
And then
I bring in some manipulatives, some Dienes
Blocks for example, and have them try to see
what's going on with the carrying process.

Groups
Although Peter did not talk about it at length,

he

mentioned several times that he often has his students work
in small groups,

collectively working on projects.

Peter's Students
According to Peter's students,
teacher;

Peter is a terrific

the students feel they are finally learning math

and they love the way they are being taught.
Peter as "enthusiastic,"

"compassionate,"

They describe

"understanding,"

"insightful" and "patient"--a teacher who makes math "fun"
and "interesting" and understandable.

He's very, very into this.
(f)

And very good at it.

He makes it fun.
He doesn't just teach us
equasuns rsicl. but shows why they work.
So you
just not remembering a rule. (F)
He simplifies it [the math] when he can so we
all can grasp the concept. (M)
He's friendly.
He wants us to like math, not be
afraid, to through rsicl out all fears before we
begin, so we can learn, fresh and new. (f)
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He makes it very clear to everyone that if you
need help, that he wants you to go to him. (f)

Methods and Materials Varied
His students particularly like his use of multiple
representations and methods to present a concept,

especially

when they are confused.

He stops and goes over the problem in different
ways till I do understand it.
He uses pictures
or examples until I know it. (F)
He teaches at different levels so that everyone
can understand it. (F)
He is flexible--not afraid to take the time to
re-think through a "slower" student's problem .
. . flexibility and visual tools, (drawing pies
to understand fractions, for example) works very
well for me. (F)
He explains a problem different ways.
wouldn't want him to change anything.

I
(M)

He teaches us a few different techniques and if
we find our own. [If it works], he lets us do it
that way. (f)
He changes his teaching if he knows that a
student is having a problem.
He's great!.

(F)

Self-confidence
Perhaps the most telling evidence of Peter's
effectiveness as a teacher are his students'

comments about

how their self-confidence in doing math has changed.

In

response to the survey question which asked them if their
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feelings about their ability to learn math had changed since
being in the class,

they said:

Yes.
Before I came into this
everything I could to get out
once I have been in the class
feeling about it. It's not to
reservations have gone, but I
confident in some areas, (f)

class I tried
of going to it but
I have a better
say all my
feel more

I'm a little more confident and I start using
what I learned in my everyday life. (F)
He has made me believe in my own ability to do
math by helping me fill in the gaps of missed
concepts and encouraging me each step of the
way.
I feel I am not stupid and I can learn
math.
He is the first person that has
encouraged me in math. (F)
Since I've been in class, my confidence has
increased in my problem solving. (M)
I used to shut down.
understand. (M)

Now I demand to

Yes.
I've got a long way to go but I feel more
comfortable with it. (M)

The next student comment nicely sums up the key
elements to Peter's success.

By taking problems apart, step by step, I’m more
able to figure them out.
I see things visually
and the visuals have helped me to comprehend the
problem--see what I'm trying to do.
I also
don't have a verbally-abusive teacher and
students all around me stating that I don't
"measure up". (F)

Tim
Current Position
Tim is the Director of the Mathematics Center at a
small private liberal arts college in Connecticut.
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He was

hired by the college in 1987 to oversee the newly created
Center and to implement the college's new mathematics
requirements.

The Center and the proficiency requirements

were instituted to deal with the large number of students
entering and graduating from the college without even the
most basic mathematics skills.
Tim administers math proficiency tests to all incoming
students and teaches the remedial courses for the fifteen
per cent of the traditional freshmen and fifty per cent of
the non-traditional students who fail the test every year.
Through the Center, he also provides resources and
individualized help for students who want to retake the test
or who are having trouble with the courses.

From Learning to Teaching
Tim's interest in math began in the eighth grade when
he was placed in an accelerated class.
year,

In his sophomore

he attended a high level math lecture series at a

nearby university, most of which he did not understand.
Nonetheless,

the exposure motivated him to take Advanced

Placement Calculus,

design math and science fair projects,

and to consider himself a "successful math person."
In college,

he majored in math "by default," because

"it was easy to do and there wasn't anything else I was
ready to major in," and minored in economics and political
science.

He also became involved in campus politics and

liberal causes.

He planned to pursue graduate work in
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theoretical math until,
a grueling,

six-college,

in his senior year, participation in
all-day conference on differential

geometry convinced him otherwise.
Tired of school and unsure of his direction,

after

graduation Tim joined the Peace Corps and for two years
taught algebra and geometry to secondary school students in
Ghana.

It was here that Tim discovered that he really

enjoyed teaching, particularly because,

although the

students were academically poorly prepared,
motivated,

they were highly

conscientious learners.

Upon returning to the States in 1968,

Tim began

graduate work in economics, but found it unsatisfying. After
six months, he left graduate school and looked for a
teaching position.

His first job was teaching math at a

"tumultuous" urban high school.

Three years later, he took

a position in an alternative high school and,

a year later,

moved to Detroit where he spent nine years teaching across
the curriculum and developing programs in an alternative
school for 16-20 year-old high school dropouts,

a

challenging and demanding job he found extremely rewarding.
As much as Tim liked working with the students in the
alternative school,

it became clear to him that he wanted to

focus more on mathematics education,
more solid credentials.
alternative school,

and for that he needed

By 1975, while still at the

Tim had completed his M.Ed and began his

doctoral work in mathematics education.
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Beginning in 1980,

Tim spent seven years teaching math

at a Michigan college-preparatory school where,
contrast to the alternative school,
the academically elite.

in stark

the students were among

While there he completed his Ph.D.

In 1987, when his wife accepted a faculty position at
the college in Connecticut,

Tim was offered the position he

holds now as director of the college's new mathematics
learning center.

It was not a position he had envisioned

for himself but, with twenty-one years of such diverse
teaching experience,

it was one for which it turns out he

was more than qualified.

Teaching
As Director of the college's mathematics learning
center,

one of Tim's major concerns is defining mathematical

"proficiency"--what math do people need to know under what
circumstances?

The proficiency requirements Tim established

for the college reflect the recent call by educators for
math skills applicable to the social sciences and to
survival in the real world.

This means that students not

headed for math or physical science careers are not forced
into the traditional algebra-calculus-trigonometry track,
track for which they have no use and little preparation.
Because these proficiency requirements underlie Tim's
teaching goals and methods,

a brief discussion of them at

this point is in order.
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a

Mathematical proficiency,

as defined by Tim,

is 1)

the

math one needs for any entry level course other than
physical science and math,

and 2)

the math one needs to be a

well-informed citizen.
Students at Tim's college must pass proficiency tests
in five areas:

1)

size of numbers,

numerical relations,

approximation and estimation,

scientific notation;
analysis

including relative
and

2) proportions and decimals;

3)

(understanding of simple graphs, medians,

reasoning and logic

(deductive and inductive);

data

etc.);

and 5)

application of algebraic functions

(linear relations,

inverse functions,

and understanding of

graphs,

slopes)

4)

elementary modeling.
To help students learn the skills needed to demonstrate
these proficiencies, Tim has developed a course called
Essential Mathematics.
primarily older IDP
In this course,

The students in this course are

(Independent Degree Program)

students.

the focus is on using reasoning and

analytical skills in applied contexts.

Tim talked about his

teaching philosophy.

Over the years, I've come to support a
constructivist approach to learning math. The
student needs to be doing what I was doing
back in the third grade--discovering.
The
National Council for Teachers of Mathematics
talks about empowering students, so that they
are able to discover something about
mathematics, can communicate it--to each
other, in their own words.
The one thing that intrigues me about
teaching math is any particular concept, I've
always thought there were dozens of ways of
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looking at it.
What's interesting to me is
the fact that I get excitement out of how
somebody else might look at it.
So one of the
first things I try to get across is that their
way of approaching a problem may be just as
valid as someone else's.
There's no one right
way.

In addition,

Tim firmly believes that math per se is not a

difficult subject.

People have trouble, he said, when math

is taught poorly and when they believe that only some people
have an aptitude for learning it.
In the Essential Mathematics course,

Tim's

constructivist approach results in a learning environment
that encourages active learning, begins with concrete
representations,

and reinforces differences in approaching

problems.
At the beginning of the semester,

Tim attempts to

"establish a level of comfort" in the class through
discussions about math anxiety and playing informally with
some math.

This, he said,

does not always work,

as some

groups "just seem to stay nervous."

Discovery
Increasingly,

Tim introduces a concept by giving

students an activity that allows them to explore the concept
concretely,

using manipulatives or concrete problem

situations. He gave this example.

The more I read, the more I'm convinced you have
to develop this concept of area as little
squares before you start talking about length
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times width.
So we work on the geoboard a long
time before we do problems from the text.

He still lectures about thirty per cent of the time,
where "I'm at the board explaining something,
asking them to do something."

However,

as opposed to

like Tom,

he finds

that his lecturing is more to provide some advance structure
for the discovery activities or to pull things together
after they have been investigating with the manipulatives
than to explain the concept itself.

Group Work
Discovery activities take place in small groups or
pairs.

Tim,

like Peter and Linda,

feels it is important for

students to discuss and articulate their thinking as they
explore a concept.

Practical Applications
The problems to which students are asked to apply the
basic concepts,
concrete.

(e.g. per cents or ratios)

Whenever possible,

they are problems students

have encountered in their lives,
mortgage.

are real and

such as amortization of

Relevant practical applications are,

easier to find for adult students.

However,

of course,

there are

representative word problems younger students can work with
that help them see how they will have to deal with similar
real problems in their future.
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Working from Data
When Tim's students begin to work with algebraic
concepts,

they begin concretely, with data collection for a

real situation.
graph it.

They compile the data,

analyze it,

and then

Only then does he introduce them to how the graph

can be modeled algebraically.
He finds that when students are working with real
problems of interest to them,

such as compound interest,

they generate their own questions for exploration with the
math, making them indeed active,

inquiring learners.

Computer Labs
Computer labs play a large role in Tim's teaching,
particularly for presenting concepts in algebra.
example,

For

he finds computer spreadsheets help to develop a

sense of variables.

Using the generic Microsoft Word

Spreadsheet, he creates a document with some data in it and
lets students see what happens as they manipulate the data.
The power of the spreadsheet,

Tim explained,

is that it

forces students to explicate what is going on by creating a
formula to program computations for different values.

Tim's Students
Comfort Level
One of the most prevalent themes in Tim's students'
comments was how comfortable they now felt--in class and
with math.

Typical comments were:
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His whole teaching methods are fearless--[he]
puts you at ease--realizes the anxieties that
come with learning. (F)
We are made to feel very comfortable with
classmates.
For the first three classes it was
like a group therapy session. (F)
I ask for help and when I do, I get a patient
and clear answer.
No one is ever made to feel
stupid. (F)
He is patient, imaginative, humorous, cheerful-all of which is supportive.
He listens and
tries to figure out what we are saying which I
think is an essential part of math.
It is
difficult enough without having someone being
cross or snapping at you because you don't
understand, (f)

Methods and Materials
Another recurrent response was appreciation of the
variety of methods and materials Tim uses in class.

His techniques and approaches are inexhaustible.
He uses discussion, diagrams, hands-on, group
sharing, lecture, boardwork, computer, puzzles.
I'm pleased to have them all available.
If one
thing doesn't work another usually does. (F)
He is resourceful in providing many tools
learning--geoboards, cutouts. (F)

for

[He is] very creative in coming up with a
variety of methods to match our different
learning styles. . . . lots of hands-on
materials. (F)
He attempts to cover auditory,
all forms of learning. (F)

visual sensory--

He always approaches questions from more than
one vantage point so that if you don't
understand one way you might another. (F)
Learning in this class has been different
because of the openmindedness of the teacher. He
is not only willing to try different methods--he
lets you choose the one that works for you. (F)
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Real Life Applications
The students particularly like the practical contexts
Tim uses to present concepts.

They said,

for example:

He uses a method that makes sense.
He starts
with the practical application in order to give
meaning to what we are learning and then will go
on to the more theoretical points of view. (F)
He relates math to what I can relate to. . . . I
have seen him explain the same concept or method
of solving a problem three or more ways and
usually one I can relate with or understand.
In
other words how can math relate to me.
What can
it do for me? . . . ex.: How much fertilizer do
I need to cover my lawn type problem. (M)
He uses lots of everyday activity for his
problems and illustrations.
There are lots of
hands on things to better understand what we are
doing. (M)
Using the approach of applying what you learn to
everyday situations makes it make more sense.
(F)

Groups and Peers
From the following student comments,

it is clear that

Tim encourages students to rely more on themselves and their
fellow students when they are confused than on him.

The one thing I think is most helpful is that we
all work together or in groups--it helps ease
your fear of math. ... He encourages you to
ask your partner or group to help out and he
also lends a hand. (F)
[When I ask for help] he will go over it for the
whole class or sometimes tell us to ask the
person next to us. (F)
I ask for help.
It's always available.
He also
may ask another student who does understand the
problem to explain it. (F)
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However,

the comments of other students indicate that

this is not uniform throughout the class. That is, many
students, when confused, bypass the group/peer process and
seek Tim's help first.

Pace
Still another key element for Tim's students is the
slow pace of the class, which allows for a great deal of
time to be spent on questions and review.

Very slow pace, no one falls behind or is left
out.
A hand held way of teaching, you are
always being gently pulled along.
You feel that
you are not going to be let go of. (F)
So far, I wouldn't change a thing, except
perhaps sometimes he goes too slow.
However I
can even see the advantage to this because it
tends to really burn in and make clear the basic
concepts which, after all, are what's important.
(F)
[He has] great confidence in his students who he
knows can learn math.
All the student needs is
time. . . . the pace at which the class moves is
supportive and non-threatening. (F)

Confidence
And,

finally,

not only do Tim's students like the way

he teaches, but they are immensely pleased at the confidence
in doing math they have gained since being in his class.

I feel more confident because of the way he
teaches us. (f)
Yes, yes!
It's not an impossibility.
If I can
do it anyone can.
It's a great feeling—it's
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not my favorite
(F)

[subject] but the fear is gone.

[Math] is no longer difficult.
of accomplishment. (F)

I have a feeling

My feelings about learning math have changed
because I believe math to be an elusive,
esoteric type of subject which had in the past
caused me great apprehension, anxiety and made
me feel somewhat deficient.
Now, although I
become very apprehensive at times, I am able to
begin to understand math and realize it is not
my "evil dragon" which I have to run away from.
Math is beginning to become enjoyable when I
understand it. (M)
[Since being in this class] I feel that I could
probably go on to more difficult math if I
wanted to.
I never felt like that before . . .
I feel if I can grasp these concepts why not try
the next harder step. (F)

There is no doubt that Tim's students feel that they
are learning math and liking it.

It also appears that his

approach and methods are very similar to those of Tom,

Peter

and Linda.

Mary
Current Position
Mary is on the faculty of a small, prestigious,

all

women's college in Massachusetts, where she has been
teaching for eight years.

For the first seven years,

taught the Pre-calculus and Calculus courses.

she

This year she

is also teaching the basic level Algebra and Trigonometry
course.

Typically, her classes have been mixed in age, with

the younger,

traditional students in the majority.

Algebra and Trigonometry course,
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on the other hand,

The
is

composed mostly of older women who have been admitted into
the school's selective return-to-college program.

From Learning to Teaching
Mary's interest in math began with her introduction to
algebra in the ninth grade.
"boring and mechanical."

Up to then, math was easy but

Algebra I was "fun and neat and

you could manipulate things

...

to get the answer in the

back of the book" and for the first time she really enjoyed
math.

But it wasn't much of a challenge. Her first real

math challenges occurred in tenth grade geometry and junior
year Algebra II. However, her small high school did not
offer a fourth year of math (trigonometry),

a situation that

would later prove problematic.
After high school, Mary entered an elementary teacher
training program, which had no math courses.
she missed math,

Finding that

in her sophomore year she switched her

major to math and immediately found her lack of trigonometry
and other freshman math courses put her at a huge
disadvantage.

In her analytic geometry and calculus

courses, Mary recalls going through a "traumatic," but
successful,

struggle with material and concepts she had

never even heard of,

including learning trigonometry on her

own.
After completing her B.S.

in Math, Mary taught one year

of seventh and eighth grade math, worked two years in non¬
teaching jobs and then returned for her Masters and high
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school certification, which she received in 1966.
fortuitous that,

for her student teaching,

It was

she was offered

the opportunity to intern in a local college's Intermediate
Algebra and Freshman Math courses,

as she had been hoping to

eventually teach at that level.
For various reasons,

for the next seventeen years Mary

did not take a permanent teaching position,

although she did

a great deal of tutoring and substitute teaching in all
subjects and

grades,

elementary through high school.

It

was not until 1983 that she finally realized her goal and
began teaching the first year math courses at her current
college.

Teaching
"The essential key to my approach is love--love of the
students and love of mathematics,"
this mean to her as a teacher?

Mary said.

First,

What does

love of the student

means seeing students as individuals and respecting their
differences in learning styles.
Second,

and most important from Mary's perspective,

means understanding a student from her

(the student's)

perspective.

I think where I've been most successful is [when
I] put myself in her place, try to see things
from her perspective.
Then I can lead her to a
new place.
But if I'm somewhere here and she's
somewhere there, I can't just say "Come on over
here, start looking at these things symbolically
or abstractly."
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it

And third,

caring about a student means "encouraging

her to become all that she can be."
Mary tries to transmit her own love of math.

Not just

a love of the subject, but the pleasure that can be derived
from meeting the challenge of learning and using math.

What I tell them is, the harder you work at it,
the more joy you're going to get out of it.
I
try to capitalize on this "aha" experience. When
that happens to them . . . the sudden grasp of
something, it is so delightful an experience,
both for them and for me, that they want to
repeat it.
And they're willing to do more work
to get it again.
This can be a moment of mutual
triumph both for myself and the student.

These "aha" experiences are important, Mary said,

for

giving students enough motivation to overcome their
resistance to become more disciplined, work harder and
accept new methods of learning.

She finds the "aha"

experiences are even more important as positive contrasts to
the "pain and shame" involved in confronting ignorance and
failure.

Teacher as Coach
Of all the teachers in the study, Mary has the least
experience teaching at the basic level.
Algebra and Trigonometry,

is her first experience teaching

at the basic algebra level.
it,

all adults,

Her current class.

There are only four students in

all of whom seem to have a fairly good grasp

of basic math concepts

(fractions,

problem solving skills.
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decimals,

etc.)

and

This particular class has all the elements of an ideal
teaching situation for Mary.

The small size of the class

and the fact that the students are highly motivated and at
the same level of mathematical ability allows her to take
the coaching role she prefers.

I have changed over the years.
I used to think
that I can be very clear, a logical person, and
if I prepare a lecture on a topic, it will be
very clear and orderly--put it on the board and
no one will have difficulty with it.
But over
the years I realized that, just because I
explained something very clearly and people sit
in their seats and smile and nod and write it
down, it doesn't have anything to do with their
understanding of it.
They may think they
understand it, but if they haven't done it, they
won't understand it.
And that's why I'm moving
more and more toward the coaching model of
teaching.
[But] this only works with a very
small class.

A critical factor facilitating this coaching approach
is the text Mary uses.

This text presents concepts in a

workbook format, with partially and completely worked out
examples at many different levels.
the teaching for me,"
students,

Mary said,

The text "does all of
with this group of

she lets the book introduce new concepts;

the

students work on their own or with each other on new
material and then bring whatever questions arise to class.
Mary's approach is to just "sit down, pour the coffee,

ask

them what they're having trouble with and take off from
there."
Like Linda, Mary is sensitive to "where the students
are."

With this group,

she capitalizes on their individual
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and collective high motivation,

as well as their apparent

"innate mathematical ability."

This is a group that enjoys

learning and struggling with new concepts on their own,
independent of the instructor.

By taking a coaching role,

Mary allows this self-motivated learning to flourish.

They're finding this very satisfying, to go home
and do the section and find that, gee, they're
getting the problems right and they're doing it
the way the book suggested and they're working
out, and there's such a satisfaction.
They want
to show how they did something, they want to
show what they were thinking.

It is only when a student becomes stuck that Mary
intervenes,

either with individual coaching or,

if it

appears to be a problem about which the whole class is
confused, by providing "one coherent explanation."

In other

situations, where students are not as motivated or able to
learn on their own, Mary finds she has to take on more of a
traditional teaching role in which she,
presents new concepts,

not the text,

structures the learning process and

coaches students more carefully through problems.

Practical Contexts
Mary said she often uses real problems to,

first,

help

students see that they already know from experience a great
deal about solving problems with math and,

second,

the abstractions in math

etc.)

basis.

(formulas,

rules,

to give

a concrete

She finds that students have a much easier time

understanding math when it is in familiar contexts.
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Thus, Mary tries to provide a highly supportive
learning environment in which students take increasing
responsibility for their learning and develop confidence to
persevere when confused.

Mary's Students
Judging from the responses of her four adult students,
Mary is a wonderful teacher.

It is clear to them how she

feels about math and her students.

They said,

for example:

She really knows and loves her subject matter.
She also cares about her students. (F)

They feel comfortable in the class and with the
learning process,

even if they need help.

She teaches us math with an approach that takes
the fear out of learning. (F)
She teaches math in a friendly way.
She
encourages us to take time to mull a problem
over. . . . I'm not afraid to ask a question.
Neither do I feel that pressure that I'm
supposed to get a problem done in a certain
amount of time. (F)

They also like the group work.

As one student put it:

She thinks of math as a group project, not
something every person has to figure out for
themselves. (F)

And, most importantly,

they are gaining confidence in their

ability to learn math.
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I was so nervous about this class and not sure I
could keep up.
I'm able to keep up and
understand and I'm not as overwhelmed as I
thought I would be. (F)

The enthusiasm Mary believes to be characteristic of
this class is confirmed by the student who said:

I love coming to this class.
math. (F)

We have fun with

Desmond
Current Position
Desmond is a math instructor at a Massachusetts
community college where he has been teaching for eight
years.

As adjunct faculty, he teaches one or two basic

mathematics day courses each semester to mixed-age students.
He also teaches evening courses in calculus for students
from high schools that do not offer calculus courses.

From Learner to Teacher
"I always loved math," Desmond said,
trouble with it."

"I never had any

In fact, he couldn't recall having

trouble in any of his classes,

ranking first in all subjects

all the way through high school.

However,

the Catholic

school that he attended did not move the more advanced
students ahead and,

as a result,

Desmond was often bored.

High school was not any more of a challenge than elementary
school and he does not remember having any particularly
inspiring teachers,

even in college.
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It was in his high

school years,

however,

a community college,

that Desmond took a summer course at

really "liked the feel of it,"

and

decided that community colleges were where he wanted to
teach.
His love of math continued throughout his undergraduate
and masters work,

as did his desire to teach.

completing his undergraduate degree,
for two years,

After

he taught high school

which he disliked intensely;

discipline took

up too much of the teaching time and he

"didn't like being a

cop."

in 1973,

He then returned to college and,

completed

his masters degree in mathematics.
Unable to find a college teaching position

(it was a

time when colleges were dropping the math requirement and
math positions were scarce),
news photographer.
until,

he instead became a free-lance

He virtually forgot about teaching math

ten years later,

he saw an ad for a part-time math

instructor's position at a nearby community college.
hired and liked teaching at the college so much,

He was

he has

remained there as adjunct faculty for the past eight years,
hoping that eventually a full-time position will open up.

Teaching
Desmond presents an interesting contrast to the other
teachers in the study.
energy,
shy,

While the others are all high-

extremely articulate,

soft-spoken,

outgoing people,

slow-moving man,

out during the interview.

Desmond is a

who was difficult to draw

It was not that he was reluctant
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to talk about teaching and learning math, but that
describing himself as a teacher did not come easily.

He

gave careful thought to my questions, but his responses were
generally brief,

and it was only with a good deal of gentle

probing that I was able to get him to articulate in more
detail some of his thoughts.
When Desmond talks about teaching, he talks about what
he does to make students feel comfortable--in class, with
him,

and with the learning process.

the methods and materials he uses,

He talks about some of
and why.

But he does not

talk in terms of an underlying teaching/learning theory.

My

impression was that he teaches intuitively and from
experience.

Therefore, we will only be able to look at what

he does and how he thinks about it from a functional point
of view.

Respect for Students
Desmond likes and respects his students.

He

appreciates the discomfort and anxiety that can occur as
they struggle with math,

especially the slower learners.

He

remembers having teachers who made the struggle worse for
students by talking down to them, being sarcastic,
deflecting their questions.

or

As a result, he said he has

always been determined to avoid treating students in this
manner.

He makes it a point to make eye contact with all of

the students while lecturing,

encourages questions and

answers all of them completely,

166

and is never condescending.

He also makes sure students know that he doesn't expect
everyone to learn at the same pace;

there is no "keeping up

with the class."

Format
Desmond described his teaching format as "for the most
part,

lecture and demonstration."

a concept,

He said when he presents

"I work through some examples" and "point out

perhaps a few snags that they're likely to run into."

He

begins by explaining simple examples and works up to more
difficult instances.

On the surface,

uses rather traditional methods.

it appears that he

In fact, his description

of other aspects of his teaching indicates otherwise.

Contexts for Math
Desmond makes math contextual for his students in
several ways.

First, he places each new concept in an

historical context.

When we start to talk about a completely new
topic, I try and explain to them a little bit of
where the idea came from, how it arose. I like
to try and explain, for example, where addition
came from. And I'll try and talk a little about
the history of some concept, because it seems to
a lot of people to be reassuring to find out
that this isn't some kind of brand new topic the
teacher cooked up ten minutes ago, that people
have been working with this kind of understand¬
ing and studying it for centuries. . . .
Somebody invented fractions or negative
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numbers because there was a need for them.
they must be useful for something.

Second,

So

he gives problems a practical context.

Typically, we'll look at a problem and try and
describe what the problem means, why you want to
want to work on it, to what end it might be
applied. Then we'll start working on it, try to
get them to do as much of it as they can.

And,
knowledge,

third, he tries to tie new learning to prior
to make the new concept more familiar and to

instill confidence.

I mostly try to show them how this new type of
problem relates to something they already know.
If you cajole them, they'll start realizing this
thing that looks completely new actually has a
lot of elements of familiarity.
A lot of what I
do is persuade them that they do know what
they're talking about, 'cause a lot of them have
an enormous lack of confidence in their ability
to do anything mathematical.
So if you can
persuade them that really they do know something
mathematical, if you show them a little each day
what they know, then they start to put it
together.

One way Desmond makes problems more familiar,
consequently less intimidating,

and

is to make up funny,

interesting word problems, using an invented character and
context. When,

for example,

up in various problems,

"Bubba and his motorcycle" show

students have a problem context that

Desmond feels is easier for them to work with because it is
both familiar and funny.

168

Learning from Mistakes
Desmond said he often presents students with illogical
situations or mistakes in the text and lets them work with
them until they figure out the logic or the error.

He also

lets them see, when he makes a mistake and they catch him at
it,

that he is not embarrassed by it.

students,

he said,

His message to his

is that making mistakes is normal and

asking questions to locate the error in a problem or in
their own thinking is an important part of learning math.

Peer Learning
While Desmond does not overtly set up group or pair
learning, he capitalizes on it when it happens.

If you look at my classes, it looks like a lot
of them aren't paying attention to what's going
on.
They're talking to each other, they're
usually helping one another out.
They're
explaining to each other what's going on, which
is great with me.
It happens spontaneously, but
I make sure not to discourage it.
It always
happens to some extent, but it happens to a much
greater extent in developmental classes.

Desmond's description of his teaching methods gives us
a picture of an approach that encourages exploration of both
mathematical concepts and individual thinking processes,
within a highly supportive,

non-threatening learning

environment.

169

Desmond's Students
According to Desmond's students,

one of his most

helpful attributes is his patience with their confusions and
questions.

He takes time if he is seeing that you have a
problem.
If you are slow, he helps you instead
of ignoring you. (f)
I think my math instructor is great in teaching
math. He goes step by step and if there are any
questions or misunderstandings he stops to
explain up till you understand.
He's very
patient and fun to work with. (F)
He's extremely careful to make sure everyone
understands what he is teaching.
If I would
have had him in high school I would have done
much better1. (F)
I ask with no fear,

(f)

He allways \sicl seems to explain everything
fully and when someone has a problem he works at
it to get it solved.
He does a good job of
helping out the less skilled people and gets
them to the level of the more skilled, (m)

Context
The students appear to like the various types of
contexts in which Desmond places the concepts,

saying for

example:

He goes into the history and makes it
interesting, (f)
[What works for me is] he tells little story's
rsicl that describe how math got started. (F)
He will talk, like for me in house wife term--or
ways I would understand better. (F)
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More Than One Wav to Solve
Several students commented that Desmond shows them
several ways to approach a problem.
helpful,

Some felt this was

others found it confusing.

I never had any troubles with math.
Though he
makes it easier to understand.
He gives us
suggestions about a few other ways to solve a
problem if the first one fails, (f)
Sometimes it can get confusing when he shows us
several ways to solve a problem.
Sometimes he
should go with one method until it sinks in. (f)
When I don't understand something he will try
another way of explaining it to me. (F)
The only thing that doesn't work for me is when
he shows you different ways or prosedures rsic!
in doing a problem.
If I understand to do
something one way I'm fine, but when he goes
into other ways I become confussed rsicl. (F)

Are Desmond's students gaining confidence in their
ability to learn math?
"yes."

They said,

For most,

for example,

the answer appears to be

that since being in

Desmond's class:

I find that I have more confidence in my math.
know more than I thought I did. (f)

I

I'm able to do more and understand why I'm doing
it. (F)
His teaching works.
I've learn alot
math I didn't know before. (F)

[sic]

about

Now I know easier ways of doing math problems
its not as hard as I thought it was after all.
(F)
Always hated math, was scared of it, no
convedence rsicl. I'm more at ease,
without
this teacher I don't think I could get through
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it.
Now I have more convedence
before and not so scared of it.

rsicl
(F)

than I did

When I was in high school I dreaded going to
math.
Now I look at it like any other class.
I'm not afraid to take tests because math is
easier since I have been in this class, (f)

It would seem,

then,

that the slow pace of the class,

in which students feel free to ask questions until they
understand,

combined with Desmond's non-judgmental patience

in answering their questions are the two main factors
students find most helpful.

Kathy
Current Position
Kathy teaches at a Connecticut community college, where
she has been on the faculty for seven years.

She teaches

the Basic Math and Elementary Algebra courses to students
ranging in age from 17 to 70.

She loves teaching at the

community college level and finds the real challenge,
from a theoretical math background,
relevant to her students'

coming

is making the math

practical interests.

From Learner to Teacher
"My first recollection of learning math," Kathy said,
"is in third grade.
a

'good'

I got to do long division because I was

student and I was in a special group."

sense that math was an "elitist" subject,
could do it were "special".
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She had the

that those who

Third grade math was also memorable because the teacher
taught it through projects.

These math projects encouraged

students to be active learners and allowed them to work
problems out on their own.

Looking back,

that this teacher, more than any other,

Kathy realizes now

has influenced her

ideas about teaching math.
In high school,

Kathy continued to be a "math person."

She liked her top level,
and did well in them,

"but had to work real hard" for the

A's that she always got.
achiever,

college preparatory math classes

She describes herself as an "over¬

over-studier" when it came to math.

However,

it never occurred to her to major in math.

fact, when she went away to college in the early '70s,
keeping with the political interests of the times,
intended to major in foreign affairs.

In

in

she

In her first year,

her interest in foreign affairs flagged,

and success in her

first college math course motivated her to become a math

major.
All through school and college,

Kathy had great success

in the more traditionally structured,
classes,
it.

those in which teachers said:

Do your homework.

theoretical math
"This is how you do

Do you have any questions.

This is

the next thing we are doing."

I went through all the steps, all the rules, got
to all the answers...I got answers and I was
lucky when I got the answers...I loved it.
It
was extremely satisfying working on a proof for
hours.
Who cared what it proved.
When I
finally did get it, it was a lot of
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satisfaction.
I fit very nicely in that niche
of elitist math people.

But#

she also adds,

"It never made any sense."

It wasn't until Kathy began teaching students who were
not "math people" that she realized how important it is for
students to see how the math connects to the real world.
After college,
years.

Kathy taught high school math for seven

She taught mostly juniors and seniors and,

surface,

appeared to be a traditional

instructor.

In reality,

on the

(lecture and textbook)

she says she was always less

structured and more informal than most of the other
teachers;

she encouraged students to question the usefulness

of the math,

to look for relationships,

and to realize there

are often many ways to solve a problem.
Since 1984,
college,

Kathy has been teaching at the community

an environment that has allowed her intuitive,

informal style to evolve and flourish.

Teaching
Kathy is petite, vivacious and very articulate.
she talks about teaching math,

When

it is obvious that she loves

what she does and has thought a great deal about how to do
it.
Kathy's informal teaching approach begins with two
assumptions:

the first is that most of her college

developmental students already have many basic math skills,
either from previous schooling or from practical experience.
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but there are gaps in their knowledge;
that in order for them to learn math,

and the second is
they must take an

active role in their learning process. With these
assumptions,

her job,

as she sees it,

is to "fill in the

gaps" and to help students build the thinking and studying
skills that will enable them to struggle with and understand
the math.

Knowledge and "Gaps"
Kathy said she tells her students that "they know an
awful lot" of the basic skills and that she is going to help
them find out what they don't know.

They're incredibly anxious about math.
So I
start out by making them feel like: yes, I do
know a lot about what I'm doing here and the
reason I don't do very well in math is because I
had the chicken pox for two weeks in fourth
grade and when I came back, it was all Greek. Or
I missed some concepts because I was
developmentally behind--not good or bad.
Everyone walks or talks at a different age.

She lets them know that just because they were taught
something they weren't ready to learn,

it doesn't mean they

can't learn it now.

Study Skills
Kathy tries to convince her students that the
responsibility for learning lies with them,

not her.

I put a lot of the burden of learning on them. I
spend a lot of time going over study skills in
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math.
How do you learn math?
Because I can't
learn it for them and they know that.
I could
do a thousand examples on the board and they
don't learn very much from that at all.
I try
to convince them that if they really want to
learn math, the only way is to do it--make
mistakes, ask questions, get together with other
students--and I, in fact, play a very small role
in their actual learning.

She marvels over how strongly some of the students cling to
the traditional model of learning they know from high
school, wherein they are the passive recipients of a
lecturing teacher's knowledge--even though they did poorly
in that type of rote learning environment.
Kathy feels that good reading skills are critical for
doing math,

so she spends significant time helping students

develop these skills.
a word problem,

For example,

she often has them read

then rewrite it in their own words.

If they

are going to be able to make math useful in real life,
said,

she

they have to be able to talk about and understand the

problem in a real life framework,

not just perform

repetitious calculations on a textbook worksheet.

No Lectures and Active Learning
Kathy said she never lectures in the traditional sense.
When she wants to introduce a new concept in the basic math
class,

she tells the students:

twenty-two minds here.
you know."

"You know it all. There are

Let's put it together and see what

She then proceeds to let them collectively

describe what they remember about the concept,

adding some

vocabulary and constantly asking "Why?--Why do you do this?"
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Because her students know that she always asks "Why?" they
learn to focus more and more on meaning and understanding.

They'll at least get glimpses of understanding,
like "For this moment in time, I really
understood that.
I can see the picture, I can
see what's happening."
And the little light
bulb goes on over their head.
And they take
more with them.
At least, they remember that at
one point in time that made sense to them, they
understood it.
So it's not a sleight of hand
any more.

Classroom tone
Kathy's description of herself in class is "informal,
easy to talk to,

non-threatening."

She laughs and jokes

with the class, which she has found students really like,
although she is unsure what effect this has on actual
learning.

She tries to transmit to her students that,

they don't understand something or make mistakes,
neither their failure nor my failure.
together."

if

"it's

We're in this

Given the anxiety and doubts with which students

come into the class,

she hopes that,

leave feeling that "Gee,

at least,

this wasn't so bad,

they will

after all."

Assessment
Kathy finds that, while she has changed the way she
teaches over the years, her methods of assessing students'
learning have not changed accordingly.

She feels like a lot

of her teaching, with its emphasis on problem solving and
thinking skills,

is difficult to test.

As a compromise,

she

includes more concept and "why?" questions on her tests and
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quizzes.

Ideally, she would like to try less traditional

methods,

such as a group test and more subjective grading,

as opposed to right/wrong criteria.

Kathy is obviously a caring teacher who works hard to
build a rapport with her students and a classroom tone that
both puts students at ease in their struggles with math and
supports a more active, independent way of learning.

As we

shall see in the next section of student comments, her
"style" and approach to teaching are well appreciated.

Kathy's Students
Kathy's students were surveyed in two classes: Basic
Math and Elementary Algebra, which will be designated "B"
and "A" respectively in the references for student quotes.
In both classes, two main characteristics of Kathy's
approach to teaching stand out: her manner of presenting
material and the tone she sets in the classroom.

visual Representations
According to her students, Kathy spends a great deal of
time at the blackboard, giving verbal, written and pictorial
explanations of concepts, as well as working through a
variety of examples.

The students find these visual

representations work well for them.
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The way she teaches that I find helpful are
the use of the blackboard and clear
definition. (B-F)
She explains everything in full on the board
and verbally, this works for me.
This is much
easier and it is easier to understand and
learn. (B-f)
What works for me is when she writes it on the
board.
Uses charts, examples.
And goes over
it 2 times.
When she talks aloud to the class
I have trouble interpreting.
So I rather have
her write it. (B-f)
She explains everything as clearly in picture
as can be.
If I don't get it it's because I
don't pay attention. (B-f)
I think that my teacher is very organized and
is a very good instructor.
She gives a lot of
examples and defines deffenitions rsicl.
I
feel that I can work harder and learn more by
examples. (B-f)
Going through examples works best.

(B-m)

Teaches very well with lots of examples.
Drawing out pictures to visualize works or
visualizing in my head works. (B-m)
I like to just watch her do problems on the
board when learning a new skill of algebra. This
helps me see it all work.
Then I'll go home and
do the homework on my own. (A-f)
She introduces the concept, sometimes by leading
up to it using other concepts and then she gives
examples. (A-F)
They particularly appreciate the thoroughness and clarity of
her step-by-step explanations.
My math teacher teaches very good cause she goes
through each step. (B-F)
My teacher is fantastic!
She is very thorough
and has a lot of patience.
She doesn't let
anything go by that is not understood.
If and
when I ask a question, she will go over the
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problem step by step and give me all the help I
need. (B-F)

Tone
Kathy appears to maintain a high level of energy in the
classroom, while still putting students at ease with the
process.

She also appears to successfully transmit her

positive feelings about math to the students.

[My teacher thinks math is] exciting: necessary:
. . . wants to be teaching math and makes us
want to know. . (She) throughs rsicl off such
energy that you can't help but learn. (B-M)
(My feelings about math since being in this
class have changed) a little.
I've always hated
math and I still do.
She makes it a little fun
though and understandable. (B-m)
This instructor has taught me how to make math
fun and simple. (B-m)

The teacher has made learning math fun and
interesting and I do feel that I could now go
further into the math field. (A-F)
She tries to keep it (algebra) relaxed and fun
and interesting. . [The class is] relaxed -she's
human and makes mistakes and I feel more
comfortable. (A-F)
[She] puts you at ease with math and comfortable
with your ability. (A-F)
The way she teaches is very relaxed.
It allows
you to feel more comfortable with the subject.
(A-m)

The students also appreciate it when Kathy puts the
math into practical contexts and teaches them how to look at
the meaning of word problems.
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She tries to put everything into practical
application so we can [understand] the new
technique. (A-f)
Makes things interesting by giving us problems
that she knows involve our everyday life. (B-f)
I hated word problems before but she taught us
how to take apart the problem and it's much
easier to solve that way. (A-F)

The one characteristic of Kathy's teaching which
students have trouble with is her pace.

Several felt that

she at times simply went too fast.

When I don't understand it seems that we fly
through as if it's easy for everyone, and I get
left out. (A-m)
She teaches fairly well and at a unreasonably
fast rate. (A-m)
She, for me, teaches a little too fast. Everything
seems to go by in a whir. . . most of the material
in this class I've been getting and some not.
It
depends on how fast it's taught. (A-f)
At times too fast for me.
As though it were a
race to see who could finish first. (A-M)

Are Kathy's students learning math?
class,

Since being in the

are they more confident about their ability to learn

math?

Yes, I can deal with the frustration of math much
better now.
I think it is because my instructor
is very easy to ask questions of. (A-m)
She is the only good math teacher I have ever
had.
I have begun to realize that I might be
capable of not only understanding algebra but
being successful in it. (A-f)
Yes, I have more confidence cause the teacher
makes me fell comfortable. (B-F)
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I'm finding once the fear subsides, I'm doing
much better at grasping the material.
I believe
much is do [sicl to her support of my way of
learning. (B-F)
I never really understood math .... [but, now]
my grades are As and Bs versus Cs and Ds. (B-M)

It is evident that,

for most of her students,

style of teaching is effective.
teacher-centered,
class,

While it appears to be

in that she is the primary focus of the

it has many student-centered elements:

questions,

Kathy’s

she encourages

teaches them to become more independent in their

problem solving,

and attempts to be a coach at times.

Her

informal approach and caring attitude provide the
comfortable support students feel they need to overcome
their problems with math.

As one student said

appreciatively:

I won't forget one thing she said to me, while
helping me: "We111 get you through this. (A-F)

Peg
Current Position
Peg teaches at a small, private university in
Connecticut, where she has held the position of Lecturer in
Math for three years.

It is a school attended primarily by

middle and upper class students who somehow managed to
graduate from high school but never paid much attention to
learning or academic discipline.
traditional age

(17-22 years).

The students here are all
The classes are highly

structured and the course requirements are strictly
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enforced.

Peg teaches the basic level,

developmental)

(remedial or

pre-calculus and calculus courses.

From Learner to Teacher
Throughout elementary and high school.
math as an easy,

but meaningless,

Peg regarded

game.

It was easy to see patterns and do what you were
supposed to do.
I didn't win the math prize so
obviously I wasn't the best one.
I never
understood what I was doing...but I could get
A's without understanding, because I had a good
memory. I could see patterns...but I had no
reason why.

The only reason she liked math in high school was because:

... it was easy and I'm lazy and it wasn't a lot
of work; you didn't have to write a lot of
stuff...I didn't like writing papers.
Math was
just a big blur to me, just something that was
easy to do.
I wasn't interested in anything
academically, I just could do it. My object was
just to win the game and I won the game.

In college.

Peg said she majored in math for similar

reasons.

When I went to college, this seemed the easiest
thing to major in because it didn't take a lot
of time, didn't take a lot of books, didn't
inconvenience me.
I could do it at home alone
with one book.
And I had a lot of teachers I
thought were peculiar and bizarre, and I liked
that.

Peg pursued math because it was the subject in which
she did best and,

for her,

required the least effort.

It

didn't concern her that she didn't really understand what
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the math was all about;
solving the problems.

she just liked the challenge of
It was only when Peg began to take

upper division courses that she discovered that higher level
math "is something which you have no way of anticipating.
[It was]

totally theoretical and that threw me for a

semester."

But it also captivated her and appealed to her

sense of intellectual gamesmanship.
professors'

She also liked her math

approach to teaching.

They didn't try to tell you what they thought
all the time.
English teachers try to tell you
what the 'right' meaning is and history teachers
always know what the 'right' interpretation is,
whether they tell you or not.
Everyone's giving
you biased views and nobody's admitting that
they're biased.
In math, people for the most
part are honest.
They'll say "I like this" or
"I don't like this but there are other ways of
doing it. There are lots of ways of doing it;
you don't have to figure out my way of doing it.

A few years after completing her B.A.

in math.

Peg

began teaching, part-time, undergraduate math courses at a
small private college in Connecticut.

While there,

she

completed her Master's degree and became certified to teach
secondary math.

During her eleven years at the college,

taught students of all ages,

she

including many adult students

from the college's Return-to-College program.
For the next seven years.

Peg taught math in a private

secondary school in Connecticut.
range of courses,
Calculus,

Here she taught a wide

from Pre-Algebra to Advanced Placement

to students of varying ability,
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including many

students needing extensive remediation in even the most
basic concepts.
In 1989,

Peg left the high school and began her current

full-time position at the university as Lecturer in Math.

Teaching
Peg is an extremely energetic,

fast-talking woman with

strong opinions and a wonderful sense of humor. My main
impression of Peg is that she is a pragmatist--her views on
teaching math,
practical.

and surviving in the world,

That is,

are emminently

she talks about math in terms of how it

can be useful in the real world,

and she talks about

learning math in terms of skills to be learned,
in terms of learning theory.

As we shall see,

rather than
her approach

to teaching math in her current position has also had to be
pragmatic.
Peg's philosophy is very different from the way she
currently teaches.

She dislikes the fact that the content

of her courses is prescribed by a departmental syllabus and
by the traditional text she is told she must use.

The

content is the typical algebra-calculus track material,
which she,

like so many of the teachers in the study,

is arbitrarily and inappropriately imposed on students
without considering their goals and abilities.

I think we're trying to teach too many people
mathematics, meaning say Algebra I and above.
It's not necessary for everybody to know that
and I think we're lying when we pretend that it
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feels

is.
I think everybody should know about income
taxes and checkbooks, and not to get gypped in
the store and to know about investments and
measuring, per cents .... Everyone doesn't
need to train to become a mathematician.
When we see people frustrated year after
year--some of these people in their third
semester in the same course to pass it--is this
worthwhile, helpful to them?
Why am I teaching
these people something they don't need at all
[when] at this point in life it's pretty clear
they're not going on and they have no aptitude?

The other side of the argument.
younger students,

Peg points out,

is that with

it is difficult to predict their future

direction and mathematical needs, much less to accurately
determine their math ability.

If we don't prepare students

for all the possibilities in their futures, we may limit
their options.

Especially in high school, you can't see what
aptitude is . . . you can't tell anything about
talent or interest at that point.
[If we don't
teach them higher math] the problem is, then
you're tracking. . . . And you need statistics
and certain mathematical techniques for grad
school . . . and you don't know if you're going
to grad school or professional school.
So you
don't want to be closed out with a critical
filter.

The biggest problem for Peg at the university is that,
caught between these two points of view--that the content of
a college math course should enable students to survive in
the real world versus that the content should prepare them
for survival in academia--"You have no autonomy as a
teacher.

You just have to teach what you're told to teach."

She is frustrated by the rigidity of the syllabus which
allows her no freedom to deviate from the section-by-section
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coverage of the text which is prescribed by the math
department.

Teaching Style
In order to cover all of the material in the syllabus.
Peg resorts to a traditional lecture format in her classes.
She said she spends most of her time explaining the material
in the text,

section by section,

and going through the

example problems in the text.
In order to give students practical contexts for the
math,

she tries to bring in realistic problems with real

life applications to work with,
tax and graphing actual data.

such as figuring out income
Many of the extra problems

she gives them require them to reason about the problem
situation and its constraints,
numerical answer.

rather than simply look for a

She wants them to "play" with a problem--

see if it makes sense,

"criticize it and pull it apart"--

before they try to apply abstract rules and formulas to it.
However,
problems,
syllabus.

there is never enough time for these types of
given the material she must cover according to the
And there is tremendous resistance from other

instructors to changing either the text or the syllabus.

Ideal Teaching Environment
Peg has many ideas about how math should be taught and
why.

Her ideal teaching situation,

as she described it,

essentially Constructivist in approach,
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although

is

Constructivism is not a theory with which she is familiar.
When she talked about how she would really like to teach,
her enthusiasm and excitement about teaching was infectious.

I would run math classes like labs and set up
experiments.
I'd have much more discovery.
A lot
of things math teachers are telling you are really
short cuts. But how can they be short cuts if
you've never played with the problem.
You are
told too many things.
They [the students] would play with patterns,
look for patterns, and then find some sort of
shorthand way to express the pattern that enables
you to put all these shorthands together and
enables you to see patterns within patterns. And
relationships between patterns.
And why
definitions are important ....It's very
crucial, before you start, that you all understand
what you're talking about and what the hidden
assumptions are.
Then I would do lots more
applications.

Peg thinks math classes should focus on more on logic,
estimation and "guessing" skills, because "In real life,
people guess.

That's what's going to help you through life,

a good guess."

Texts and Realistic Problems
The best texts.

Peg said,

are those which present

students with realistic problems, problems that must be
"taken apart" in order to discover the assumptions and
constraints,
data.

and require students to make sense of actual

She described a favorite problem she gives students

that she found in a problem solving-oriented pre-calc text:

The problem relates shoe size to number of
inches your foot is.
It cites a famous

188

basketball player and his shoe size.
His feet
are 22"; what is his shoe size?
And then we
talk about does it make sense to have zero shoe
size?
No.
Does it even make sense to have size
one, two or three?
No, this formula is for
adult males.
There's a whole different formula
for those other people.
This is not a whole
line [on a graph]; this is just a piece of a
line that applies right here in this little part
of the graph.
It's not reasonable to discuss
the entire line.
You can't have negative shoe
size.
And so forth.

Peg would also like to integrate the math with other
subjects,

such as science,

art and economics.

Group work
Like Linda,

Tom and Tim,

Peg believes that working in

small groups makes learning math easier, helps to alleviate
anxiety,

and makes studying math less grueling for those who

dislike it.

She encourages students in her current classes

to work together outside of class,

telling them:

If you want to get out of this course this
semester, that means a lot of extra hours.
And
you have to come and get help . . . When you
don't like something, it seems like hours you're
working on it, but I'll tell you, a better way
is to work in a group.
You have a little soda,
a little potato chips, you laugh when somebody
goofs up, and it doesn't seem so long as when
you're all by yourself."

In her ideal math class,

group work would be the predominant

way students would study and "discover" math.
Peg is frustrated and discouraged by her current
teaching situation.

Her students are all young,

very motivated and most lack academic discipline;

few are
the

prescribed syllabus and text leave her very little room to
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teach as she would like to.

Still,

as much as is possible,

she tries to infuse her practical orientation to math into
her teaching methods,

as well as transmit her love of

mathematics as a beautiful system.

In the next section,

we

will look at how Peg's attempts to teach well within a less
than optimal situation fare with her students.

Peg's Students
I surveyed students in two of Peg's classes:
Foundations and Pre-calc.
references

("FD"

for the quotes).

and "PC"

respectively in the

All of the students were

traditional-aged undergraduates.
According to most of the students in both classes.
is an excellent lecturer--well-organized,

clear,

and willing

to repeat explanations whenever students ask for
clarification.

They described her as:

. . . very good at breaking down and explaining
things. (PC-f)
Very good.
Bit by bit she goes through each
problem. (PC-m)
Very knowledgeable about math.
Good
explanations of concepts in a clear manner.

(PC-

m)
Teaches very well, she goes step by step
explaining all equations. . . . She takes her
time, and doesn't move on to something new until
the whole class understands. (FD-f)
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Peg

She explains everything clearly and to my
understanding.
She answers any questions anyone
may have, and goes back over material as many
times as necessary. (FD-f)
The thing that works for me is the repetition of
something until we understand it. (FD-m)
A very good teacher . . . covers everything
thoroughly . . . explains it and makes sure I
get it.
Everything about the way she teaches
works for me. (FD-m)

Students also appreciate Peg's willingness to give extra
help on an individual basis.

She has many office hours and

students indicated that they felt quite comfortable seeing
her by appointment or just dropping in.
The main complaint was that Peg's pace was too fast.

A

few students also indicated that they would like to take a
more active role in the learning activities.

For example,

young woman in the Foundations class said:

I would suggest that the teacher let us do the
problems instead of her working them out for us.
That's the only way we'll learn them. (FD-f)

Are Peg's students learning math?
student comments,

From the following

it would appear that many are doing quite

well in her class, while others feel confused and not very
successful.

I like her way of teaching.
it [math] better. (PC-m)

...

I understand

I have the highest grade in the class.
Before I
wasn't confident in my math skills. (FD-f)
I'm doing better in math now than I ever did in
high school. My feelings haven't changed. [I
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a

still dislike it], but I'm doing well regardless
and that's what matters. (FD-f)
I've learned that I can actually do some of the
stuff I thought I couldn't. (FD-m)
I still feel the same way, that I have a big
problem in math.
She helps me but I still have
problems understanding things and sometimes get
more confused. (FD-f)
I never liked math and I still have a very hard
time learning.
More so in this class because
she goes faster. (FD-f)
Math has always been my weakest subject.
I feel
I am doing worse than ever considering I do my
homework every time and pay attention.
I am
failing every test. (FD-f)

The responses from Peg's students are markedly
different from those of the students of the other teachers
in the study.
comment on.

The main difference is in what they do not
They do not talk about learning rules versus

really understanding,

do not describe how Peg teaches other

than that she "explains thoroughly",

and make no mention of

word problems or practical applications for the math they
are learning.

Therefore,

it is difficult to determine what

about Peg's teaching works for them and what doesn't, beyond
pace and clarity of explanations.
One possible explanation for this lack of description
is that Peg's teacher-centered,

lecture format is so similar

to all of their previous math learning experience,
no reason to comment on it one way or another.

they see

It is the

format they expect and the only one they know.

said,

A second possibility is that while Peg may,

as she

emphasize the usefulness of learning math,

and is
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concerned that students learn to think and reason logically,
rather than memorize rules and formula "short cuts," she may
not talk very much with students about this.

That is,

the

discussion in Peg's class may focus almost entirely on how
to do the math and very little on the learning process
itself.
fact,

Still,

it appears that many of her students do,

in

feel that they are learning math.

Victor

Current Position
Victor teaches at a community college in Massachusetts
where he has served for thirty-three years as both College
Registrar and instructor and,

now, professor of mathematics.

In 1984, when he retired as Registrar, he continued to teach
one or two math classes each semester. During this time, he
also taught math courses at other local colleges.
current classes,
151,

His

Basic Math 091 and Topics in Mathematics

are at the remedial/developmental level, with students

mixed in age.

From Learner to Teacher
Victor was raised on practical math in his father's
grocery business:

I had quite a bit of use of just simple
arithmetic, pricing the products, going to the
wholesale houses with him.
Having to do
calculations, even as a young boy..
It was just
a muscle that I exercised frequently.
Buying
penny candy, knowing what something cost, what
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it would be sold for, and what would be made off
that particular purchase.

In elementary school,

learning to count,

add,

subtract,

divide, multiply and problem solve was just an extension of
the store math that was such an integral part of his life:

We used to pick up bottles and turn them in at
the store and then try to figure out how to buy
penny candy for three kids using four pennies,
two bottles - and be able to divide it equally
among all these children.

Victor also recalls how much he learned from childhood
negotiations for trading marbles, ball cards,
coins.

stamps and

It is these types of early experiences that Victor

feels prepared him so well for elementary school math,

and

provided the computational agility that made algebra and
geometry so easy for him in high school.
Although calculating and computation came easily for
Victor, word problems were often a struggle.

To overcome

his difficulties with word problems, he "just spent more
time at it and frequently consulted the dictionary." Putting
more effort into his studies and focusing on clear
definitions of terms brought him success.

As a result,

effort and vocabulary have become dominant themes in
Victor's teaching.
Only one teacher stands out in Victor's memory.

She

was a high school math teacher who "inspired" her students
by taking a personal interest in each of them.

She was

demanding, but gave praise and criticism in equal measures.
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She also kept in contact with students after they left her
class and,

in Victor's case,

corresponded regularly with him

during his tour of duty in World War II.
After the war, Victor entered college as an engineering
student.
major,
in.

After a year, he switched to math as a "temporary"

until he could decide what he really wanted to major

Math, he thought, would provide the foundation for a

number of career options.
major,

and both his B.S.

In fact,

he remained a math

and Master's degrees were in math,

with certification to teach K-12.

He recalls that a

significant part of his math learning in college took place
in a study group that met outside of class.
Master's degree in hand, Victor was offered jobs both
in industry and in higher education.

Though it paid the

least,

he chose a position as an instructor at a university

where,

for two years, he taught engineering, business and

liberal arts mathematics courses to students of all ages.
The next year,

the prospect of doubling his salary led him

to take an engineering position in industry but he soon
realized that "I'd rather deal with people than with
things," and that his real interest was in teaching.
After two years as instructor of math at a large state
university, he took the registrar/instructor position at the
community college where he now is a full professor.

During

the twenty-seven years he was registrar, he taught one math
course a year on his home campus, business and other basic
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math courses on other campuses,

and,

for two years,

taught

summer math at the high school level.

Teaching
Of all the teachers in this study, Victor has the most
experience teaching in academia.

He is also the oldest.

With his white hair and conservative suit-and-tie, he
appears rather formal, but is,
going.

in fact,

amiable and easy¬

He loves teaching math and loves talking about it.

It was obvious as he talked that Victor has given a
great deal of thought to what is the best way to teach math
at the basic level and that his philosophy and methods have
become clearly defined for him over his many years of
experience.
who,

He is the most traditional of the instructors

as we shall see,

format while,

teaches in a purposely rigid lecture

at the same time, maintaining a decidedly

student-centered approach.

Lecture Format
Victor believes that students learn math best
deductively, working from definitions to formulas to
applications.

The key, Victor said,

is building vocabulary,

making sure that students understand the precise
mathematical meaning of all of the words in a definition and
how they relate to formulas,

axioms and theorems.
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Activities in class follow an unvarying routine
centered around a lecture and daily quiz format.

Victor

described his classes:

There's a certain monotony to my teaching.
Repetitiveness.
The ability to anticipate.
There are few surprises.
When I come into
class, I ask them about any problems about the
prior assignment.
After settling all the
questions, I give them a <juiz.
I immediately do
the quiz on the blackboard so they know the
error of their ways. Now they've been hit on the
head with a two by four and they understand why
that happens the way it does.
Many students
have told me that after the quiz is when they
understand the problem.

Then he presents the new topic,

focusing on the definitions

and the methodology and "how the definitions flow into the
formulas."

When he feels that they have a clear

understanding of the definitions, he works through the text
exercises and explanations,

and then samples from the

homework assignment "to get them started as a group."

And that's the period.
Every period is exactly
the same.
Unless it's done that way, they won't
be able to focus as much on the content of the
new material . . . won't be wondering what I'm
building up to.
The technique is predictable,
not because I want to be necessarily boring, but
because I want the change to take place only on
the material and not on the environment in which
that material is presented.

Victor uses several other techniques to reduce the load
on students'

attention.

First, he follows closely the

sequence of topics as they are presented in the text and he
tries to use the exact same definitions as the text uses,

197

so

that students do not have to take notes.

He wants students

to "listen and communicate" with him "on a moment-by-moment
basis."

Taking notes, he said,

distracts them in class and

does not seem to be an optimal mode for learning for people
raised in a world of visual technology.

I feel it's important for them not to take
notes.
If I create an image in my mind and I
want to transmit it to your mind, I have to
somehow communicate this.
Now it doesn't make
any difference if I go to the blackboard and
draw a picture of what's in my mind and
supplement it with words, or just give you the
words, providing you and I have common
definitions. [However,] today they learn more by
listening and seeing then by reading and making
mental images.
They may be more conditioned by
television.

Second, Victor tapes all of his lectures and puts them
in the audio visual center.

Any student who wants to review

the lecture or has missed the class can,
to the tapes.

In this way,

at any time,

listen

students are freed from having

to take extensive notes in class or reconstruct them later,
and can give their entire attention to Victor's lectures.
And,

third, when students need extra help,

recommends that they use the CAI
instruction)

he often

(computer aided

facilities in the learning center.

Victor

feels CAI is yet another way to capitalize on students'
increasing propensity for visual, versus written,
conceptualization.
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Deductive vs.

Inductive

As described above, Victor believes concepts should be
presented in a deductive fashion, beginning with definitions
and proceeding linearly to theory,
and problem applications.

derivation of formulas,

I asked him how he felt about

letting students discover mathematical rules and
abstractions through explorations with examples and
patterns.

His response was:

I have very strong feelings about that.
What
you describe is inductive learning where you
have to factor fifty problems before you
discover there's a pattern.
Why not talk about
the factors, and the formalization in which they
work, first, and [show that] all of the fifty
problems are of the given form.
Discovering the
generalizations is less efficient for learning.

Realistic Applications: Generative and as Illustration
Victor said he often uses real life problems,

sometimes

to informally introduce a concept before presenting its more
formal representations and sometimes to illustrate
applications of derived formulas or rules.

There's value in both ways--the application in
front as an incentive, or at the end to show the
use.
I use both of them and that's the
chemistry of teaching.
For students who are not
that well motivated, maybe you want to put the
application up front to inspire them.
And those
who are already inspired, maybe they are driven
by the mathematics and will be satisfied having
the applications at the end.

For example, when studying parabolas, he might first talk
about car headlights,

spotlights and telescope mirrors and
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how they work.

Or,

after studying percents in the abstract,

he might give them realistic problems in which they have to
compute average percentage rates for installment purchases.

Student Oriented
Victor's orientation to teaching has changed over the
years.

In his early years, he said, he focused more on how

to present the mathematics.
sensitive to students'

Now, his major concern is being

needs,

confusions and "cracks" in

their knowledge.
He is careful to differentiate between students who
need remediation
math learning)

(i.e.

students who are "revisiting" prior

and developmental students who are seeing the

concepts for the first time.

Remedial students need help

finding the errors or misconceptions in their knowledge,

he

said, whereas developmental students need help understanding
how new concepts relate to their existing mathematical and
world knowledge.
It is critical,

in Victor's estimation,

that students

feel "comfortable around me and not be threatened by me." He
lets them know he is interested in them as individuals and
that "their personal problems are my problems." Absences for
personal problems are understood,
dropped,

low quiz scores are

and children of students are welcome in class.

He

also likes to tell "corny jokes" to put the class at ease.
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Social Incentives
Victor tries to develop an "esprit des corps" in the
class/

so that whether or not students enjoy the math,

they

at least enjoy being in the class.

The social part is important.
They know when
they come to class they can socialize while
learning.
Not everybody is driven by the
academics.
I think many of the students are not
very good students, but they can learn to be
good students if they have an interest in the
course.
Sometimes, to develop that interest,
they have to have a social interest to keep them
coming to class.
I can't teach them unless they
keep coming to class.

He encourages them to work together outside of class and
finds that the esprit des corps often extends to shared
rides to school and other social interactions,
help to hold their interest in coming to class,

all of which
as well as

alleviate much of the anxiety they have about their
struggles with learning math.
In summary, Victor's approach to teaching is one that
combines a familiar, highly structured daily routine with a
jovial,

supportive learning environment.

the text,

Lectures parallel

concepts are learned deductively and students rely

on Victor to provide the logical links between definitions,
theory,

abstractions and examples.

From the constructivist

point of view of instructors such as Tom,

Linda and Peter,

this traditional method of teaching math is,

in essence,

the

reason why people have so much trouble learning math beyond
rote memorization of meaningless rules and formulas.
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In the

next section, we will look at how Victor's students feel
about learning math within this traditional framework.

Victor's Students
Comfort and Success
Nearly every one of Victor's students commented on how
at ease they felt in class or that Victor made them feel
they could succeed.

I think he is a great teacher.
He is very
caring.
He sees the best in his students.
helps us to succeed, (f)

That

Before I started this class I was down on math
but Vic makes you feel like you can do.
So you
doll. (F)
He makes us feel very relaxed and that makes us
eager to learn. (F)
For me is fun to do math. . . . The teacher is
good and I feel good in the class. (M)
He's great, he teaches math in a fun way.
He's
not strict or stuck up and that's why he makes
the class fun.
I look forward to go to his
class every day.
I hated math but now I like
it. (M)
Victor is a great instructor.
He has a sense of
humor and allows plenty of time for
comprehension. (F)
[Since being in this class] my feelings are of
comfort and success. (M)

Repetition
Students seem to benefit from the review of material
that occurs with the daily quizzes.
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They also feel assured

that,

should they not understand something in class, Victor

will repeat his explanation until they do understand.

Having quizzes every day on the material from
the previous day helps me to remember the
formulas without having to utilize notes. (M)
[What works for me is] he gives daily quizzes
making sure you know where you stand on a
subject.
He reviews before each quiz. (F)
He teaches well and gives quizzes so we can
learn from our mistakes. (F)
At times the way he explains the work seems
confusing, but he continues to review until we
understand, (f)
He goes over it until you really understand it.
(f)
[When I don't understand something] I ask Victor
to explain it again.
He's always ready and
willing to help. (M)
Everything he does works for me maybe not the
first or second time but on the third time
around it clicks in there. (M)

A comment from one student indicates that Victor does not
just repeat verbatim his explanations, but tries to find
alternate ways to help them understand.
I enjoy the way he teaches, because he shows
different methods. (F)

Other students said they often sought help from Victor
after class or during his many office hours and that he was
always "ready and willing to help" and "very helpful and
supportive."
As was true of every class I surveyed,
thought the pace was too fast.
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However,

some students

as was also true of

every class,

the students do not seem terribly upset by the

fast pace because they know they can get slower,

step-by-

step individual help from the instructor whenever they need
it.
Clearly, Victor's students are comfortable in his class
and feel extremely cared for and supported in their efforts
to learn math.
indicates,

And,

as this final representative comment

they are experiencing a growing confidence in

their ability to learn math.

Well, I allways [sicl hated math, I was very bad
in math in high school because I didn't
understand it but now with Victor Thomas I'm
learning something and finally understand math
not to a full extend [sicl but a lot more than I
did before. (M)

Discussion
As this chapter has shown,

the majority of students in

this study feel they are at last succeeding in math.

Success

to them means feeling that they can finally understand that
which they had previously failed to learn,

gaining

confidence in their ability to learn math,

and overcoming

their anxieties and fears about math.
that,

Their comments reveal

since being in these classes, most feel they are

learning to think and reason mathematically,
memorizing rules and formulas.
them,

Math now seems useful to

not so mysterious and "esoteric."

become interesting and fun.

not just

To some it has even

With regard to those for whom
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math remains elusive and frustrating,

their comments tell us

only of their continued frustration and indicate the need
for better, more individualized diagnostic tools to
determine their problems.
As has also been shown,

the students attribute a great

deal of their newfound success to the way they are being
taught.

Therefore,

it seems reasonable to conclude that,

for the majority of these students in these particular math
classes,

these are indeed good teachers.

What can we learn from these teachers about teaching
remedial math?

They do not all teach alike.

They have

different styles, use different approaches, have different
philosophies.

Yet,

they also have many characteristics in

common and it is the conclusion of this research that these
common characteristics are essential to good remedial
mathematics teaching.

A discussion of these characteristics

follows.

Love of Math and Teaching
From both the teacher interviews and student surveys,
it is apparent that these teachers love math and love
teaching it.

As students,

they liked math because it was

challenging and they were good at it,

and because they

enjoyed the confidence and satisfaction that resulted from
struggling with and solving interesting problems.
each has a passion for math as an abstract,
discipline,

Although

theoretical

all of them have found that teaching math is far
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more exciting and satisfying.

Thus,

as teachers of math,

they transmit to their students their fascination with math
as both an intellectual challenge and a wonderfully useful
tool for everyday life.

Equally important,

the teachers

clearly transmit to their students their enthusiasm for
teaching math.

Student-Centered Focus
The teachers share an orientation to teaching math that
is centered on the needs of their students.

Traditionally,

math is taught from the perspective of expert
mathematicians, with little consideration for the learning
processes and difficulties of novice learners.
these teachers'
students'

primary concern is to facilitate the

learning processes,

just memorize,

In contrast,

to help them understand,

not

the concepts and be able to apply their

learning in novel situations.

They focus on individual

differences in reasoning and learning styles,
sensitive to students'

and are

doubts, beliefs and fears about math.

They feel it is important to interact with their students as
individuals and to let their students know they care about
them as both students and human beings.

Classroom Atmosphere
These teachers share the belief that it is important,
particularly at the remedial/developmental level,
a supportive,

non-threatening classroom tone,
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to create

one in which

students feel comfortable about asking questions and taking
risks.

They joke with students,

contexts,

encourage,

create funny problem

as Victor calls it,

an esprit de corps.

In an atmosphere that is relaxed and non-judgmental,
questions are answered,
condescension.

all

repeatedly if necessary and without

The teachers let the students know that they

understand their fears and doubts about learning math and
are happy to help them when they are confused.

Active Learning
Active learning,

in the Piagetian sense,

occurs when

students are engaged in physical or mental activities that
encourage the development of reasoning and higher order
(metacognitive)
learning,

thinking skills.

With regard to active

there are marked differences in teaching approach

and style amongst the teachers in this study.

In fact,

it

would appear that some of the teachers' methods are closer
to a passive learner model
students receive)

and the

than they are to the active learner model

advocated by Piaget
facilitates).

(the teacher gives,

(the students explore and the teacher

Yet the student responses seem to indicate

that all of the teachers are eliciting more than passive
learning.

The question arises,

therefore, whether the

learning environment must take a particular form in order
for active learning to take place.

As we review in this

section the differences in methods used by the teachers,
will become apparent that,

just as there is more that one
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it

way to solve a problem,

there is more than one way to elicit

active learning.
Tom,

Linda,

educators,

Peter and Tim,

all avowed Piagetian

use a math lab/discovery approach,

by discussion and occasional lectures.
structured "bottom up":
abstract,

supplemented

Learning is

students work from concrete to

from data to generalizations,

to formal representations.

from manipulatives

Taking risks and making mistakes

is considered a critical and inevitable part of the learning
process;

struggling with concepts and constructing

understanding out of ambiguity is key. There is no doubt
that these teachers are providing students with the types of
learning experiences that help students become active
learners in the Piagetian sense--more aware of their own
reasoning strategies and learning processes,

and thus more

in control of them.
Active learning takes a somewhat different form in
Mary's small class,

in which she likes to take the role of

coach and let the text provide the structure.

As excellent

as the text is, with its clear presentation of concepts and
interactive format,

it is still a traditional,

"top down"

presentation of mathematical concepts, working from
definitions and rules to explanations to examples and
applications.

One would expect that a text such as this

would result in passive learning, with little real
understanding.

And most likely this would be the case if

Mary simply lectured from the text.
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However, by leaving

these highly motivated students to struggle together with
the material,

she finds they determinedly pursue the deeper

understanding of math concepts she would like them to have.
While they do not discover the concepts, they do discover a
great deal about their own reasoning processes.

Even more

important, they gain confidence in their ability to come to
some understanding of the math on their own, which increases
their motivation to work with the material.

Clearly, this

is an active learning environment in which the reliance on
peer interaction may be the critical factor.
Kathy, too,
learners.

feels strongly that students must be active

She says she never lectures.

Instead, when

introducing a new concept or problem, she first polls the
class for prior knowledge and solution approaches, and
guides the direction of students' reasoning with questions
that require them to explicate their thinking.

Through the

use of manipulatives, real world problems and writing
assignments,

she seems to foster the type of discovery and

mental processing associated with active learning.
Still, as Kathy and her students state quite clearly, a
great deal of the students' attention during class is
focused on Kathy at the front of the class, working and
explaining examples on the blackboard.

Does this aspect of

Kathy's teaching place her students in a passive learner
role?

According to her students' reports, this does not

seem to be the case.

Their comments indicate that they like

working from examples because it makes them think.
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It would

seem,

therefore,

that seeing,

through examples, how a

mathematical idea plays out is yet another effective
approach to eliciting active learning.
It is not as clear in Desmond,

Peg and Victor's classes

whether they are using methods that result in active
learning.

All three said they mainly combine lecture and

demonstration with class discussion, which would indicate a
typical traditional approach to teaching and a passive
learner environment.

Yet Desmond, Victor and many of Peg's

students clearly feel they are being asked to do more than
memorize rules and perform rote calculations.

For example,

all three teachers stress practical applications:

Peg

teaches her students to estimate and make "good guesses" in
real world situations;

Desmond's students must approach real

problems from a variety of solution methods;

and Victor

engages students in making connections between formal
definitions and rules,
Perhaps,
down

and related practical applications.

as in Mary's class,

(deductive)

the difference between a top

and a bottom up

(inductive) presentation of

mathematical concepts is less important than engaging
students in active processing activities.

Connecting Math to the Real World
All of the teachers place enormous emphasis on the
connections between math and the real world.
students,

They show

through practical problems that are meaningful to

their lives,

that math is a necessary and useful tool for
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survival in the real world.

They believe that when math is

presented in contexts that are relevant to people's lives,
students become more motivated to learn basic math skills.
Furthermore, by using problems in which students can use
their experience and knowledge of the world,
builds on prior knowledge;
situation,

new learning

the more familiar the problem

the easier it is for students to connect its

solution to an appropriate abstract representation.

Familiar

problems also make students feel more confident that they
can at least understand the problem,

even if they do not

know how to solve it.

Peer Learning
Group work was one of the most prevalent themes in the
interviews.

Some of the teachers structure their lessons

almost entirely around peer interactions, while others
capitalize on it when it occurs spontaneously. Working in
pairs or small groups forces students to 1)

clarify their

thinking so they can communicate it to other members of the
group,

2)

consider multiple ways of reasoning about a

particular problem,

and 3)

collaborate until a consensus of

understanding is reached or the point of confusion is welldefined.
another,

When students talk about mathematics with one
they become actively involved in learning

mathematics.

To be able to give a mathematical explanation
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to one's peers,

a student must understand the material with

a depth that goes far beyond that required merely to produce
an answer.

Group work increases students'

confidence in

their ability to do math and makes them more motivated and
independent learners.

Learning to Learn
The teachers share the belief that in order for people
to learn math they must first learn to learn.
a teacher,
knowledge.

they tell us,
Their job,

Their role as

is not to impart mathematical

their main goal,

is to help students

develop effective thinking skills and strategies for
learning and using math.

Some believe this can be

accomplished by presenting students with non-trivial
problems and interesting questions and asking them to
reflect,

verbally or in writing,

on their reasoning

processes as they struggle through various solution paths.
While this process is more time consuming than simply
telling students what they are supposed to know,

and puts

students through periods of confusion and uncertainty,
end result,

according to the teachers,

the

is an expanding

repertoire of learning and solving strategies,

in addition

to a deeper understanding of the math.
Other teachers concentrate on developing students'
study skills,
problems.

self-discipline and practical thinking about

They ask "Why?" more than they "tell",

draw

attention to the validity of different people's ways of
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reasoning,
and,

try to show students how to learn from mistakes,

through discussions, help students become aware of

their thinking processes.
Thus,

from these teachers'

perspective,

teaching basic

math is as much about teaching thinking skills as it is
about the math itself.

It is about placing students in

learning situations which make them aware of how they are
reasoning and whether that reasoning makes sense.

It is

about making students aware of strategies for learning and
how those strategies can be useful.

And it is about

teaching students to become self-monitoring and,

thus,

independent mathematical thinkers and problem solvers.

Success "Cures" Math Anxiety
And,

finally,

the teachers all seem to teach from the

belief that the best "cure" for students'

anxieties,

doubts

and fears about learning math is a positive experience with
math.

That is,

how small,
more.

successes in understanding math,

no matter

give people the confidence to try to understand

As the comments of the students clearly indicate,

when a math student has an "aha" experience, when there is
understanding of something that has always seemed impossible
to comprehend,

the effects of negative feelings begin to

diminish and success becomes at last a possibility.

213

CHAPTER 5
FINAL CONSIDERATIONS AND FUTURE QUESTIONS

In the course of this study, many issues were raised
that should be central concerns for college remedial
mathematics educators and researchers--issues about adults
and considerations about content and purpose.
issues raised directly by the teachers;

Some are

some are issues the

teachers did not address, but seemed to me to be important,
related considerations warranting further investigation.

issues About Adults
The literature on adult education is dominated by the
notion that adults learn differently than younger students
and,

therefore,

the best way to teach adults is different

from the best way to teach younger students.

This study

began by examining whether this assumption had any validity
within college remedial classes and concluded that there are
no differences in cognitive ability between adults and
traditional-aged learners that would indicate a need for
different teaching methods; mental ability does not change
with age.
However,
differences,

one cannot ignore the fact that there are
other than cognitive,

related to age that may

help or hinder an older student's learning of math.

First/

it seems obvious that adults differ from younger

students in that they have encountered many more real-life
situations
current

for which they have needed math.

Given the

focus in mathematics on developing problem solving

skills in real-world contexts,

it seems logical to assume

that an adult's greater experience will be an asset in the
mathematics classroom.
encountered,

In my experience,

already-

familiar problems can be a ready source of

contexts that can greatly facilitate understanding of formal
mathematical concepts.
visualized and,

thus,

Familiar contexts are more easily
more easily mentally manipulated;

problem elements are already defined,

the relevance or

sufficiency of available information has been considered,
and constraints explored.

For example,

a person who has

priced carpeting for her house may have no idea of why she
must multiply length times width to get square feet,

but she

knows that the number of square feet represents the surface
area she wants to carpet,

that there are some areas she

should subtract or add to account for irregularities in the
rooms,

and that some additions are offset by certain

subtractions.

She may have discovered in the process that

two rooms with very different dimensions can have the same
area or,

with a calculator,

found that she can cover more

area with a more expensive carpet that is on sale for 25%
off than with a regularly priced cheaper carpet.
she has

Because

"played" with the problem and has an intuitive
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understanding of the math involved,

it should be easier for

her to understand the related mathematical concepts.
In addition,

the more experience a person has with

real-life problem solving,
becomes with estimating,

the more skilled he or she

dealing with ambiguities,

postulating and testing solutions.

and

An important question

for future research is: how can we capitalize on these
familiar situations and intuitively developed reasoning
skills?
A related question is whether it is essential that the
problem situations relate to students'

lives or jobs,

or

whether it is only important that the problems be realistic.
That is,

is the key familiarity or realism,

either case,

or both?

In

it seems evident that if problem solving and

critical thinking are to become the focus of mathematics
education,

capitalizing on an adult's experience with real-

life problem contexts, problems with "fuzzy" constraints and
multiple solution paths, would not only help students
develop good mathematical strategies and reasoning skills,
but would enable them to finally see how to make math useful
in their lives.

The importance of context relevancy in

learning math is an issue for students of all ages. However,
it is particularly relevant for older students,

given the

wealth of experience that they can draw upon.
Second,

it seems evident that returning adults

generally have many more demands on their time,

energy and

attention than traditional-aged college students.
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As the

number of older students increases,

colleges need to take

these demands more into account when scheduling classes and
help sessions.

Teachers,

too,

need to acknowledge that the

choices adults must often make between school work and
families or job pressures,

not irresponsibility,

frequently the cause of poor performance.

are

Adults need a

learning environment that does not punish them for things
that are beyond their control, but instead enables them to
function to the best of their ability within a more flexible
and forgiving time frame.

This does not in any way imply

that the quality of work required of adults should be less
than for younger students, but it does argue for giving the
adult who has stayed up all night with a sick child or who
has had to work overtime the night before a test is given or
assignment due the opportunity to take the test or turn in
the assignment at a later time.
Third,

as both the teachers and students stated,

because adults in college have more well-defined goals,

they

are more determined and more conscientious about their
school work.
the course.

They come to class to learn,

not just to pass

They may need instruction in strategies for

studying, but discipline is seldom an issue.
more and longer than younger students,
preparing for class,

Adults study

spend more time

and, participate more during class.

Does this diligence and aggressiveness on the part of adults
suggest a more self-directed format for adult remedial
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courses,

one in which students are given more opportunities

to learn at their own pace and test when they feel ready?
One might envision a class divided into small groups,
each of which might be working on a set of concepts or
problems presented by the teacher, much like Linda described
as her ideal classroom.

And,

as in Tom's Friday help

sessions where he leaves students on their own until they
reach an impasse,

the group members would take

responsibility for helping each other struggle with the
concepts or problem until they,
satisfied with a solution,

not the teacher, were

or needed help.

The students,

not the teacher, would compare and correct homework,

and the

students would decide when they were ready to test their
understanding.

Given a more self-directed class,

teachers

would have more time to spend monitoring progress and
stimulating thinking,

and the students would become more

invested in the process.
Fourth,

some of the teachers pointed out that older

remedial mathematics students have more years of feeling
anxious about math, more years of believing that they cannot
learn math,

and more failures to cope with everyday

situations requiring math.

While it may therefore seem

reasonable to assume that older students will have a more
difficult time overcoming anxieties and negative self¬
perceptions than younger learners,
study that this is,

in fact,

it is not clear from the

the case.

this area is needed.
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More research in

Fifth,

Peg and Tom observed that a person who did

poorly in math in secondary school rarely progressed very
far beyond the basics in college, which raised questions
about innate ability and the importance of early learning in
math.

But,

surprisingly,

the issue of learning disabilities

never arose in the course of the study.

In math, when a

student continually can't "get it" or retain it,

despite

repeated attempts with a variety of teaching methods,

a

teacher must begin to question whether some type of learning
disability is hindering the learning process.

Some adult

students may have had trouble with math in elementary or
secondary school because of undiagnosed learning
disabilities.

When they return to school later in life,

it

is with the belief that learning may be easier the second
time around.

If teachers of adults cannot identify the

student's learning needs this time,

the damage to a

student's self-image and motivation may be irreparable.

In

addition, with older students there is an increased
likelihood that problems with math may be related to a prior
physical condition,

such as a stroke or an accident,

effects of medication taken for a current condition,
simply to poor eyesight or hearing.

to the
or

What types of

assessment tools are needed to help remedial mathematics
teachers detect such disabilities and what methods are there
to help students deal with them?
And,

sixth,

in this author's experience as both a

returning student and teacher of older students,
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older and

younger students have very little in common in either their
world views or everyday lives.
makes little difference.

In a lecture-type class,

this

But in mathematics classes such as

those in this study, where group work and social interaction
are an important part of the learning process,

the lack of

common reference points may pose significant problems for
both age groups.

In Mary and Tim's all-adult classes,

students seemed more comfortable with each other and more
motivated to struggle together as a group.
classes,

In mixed-age

this "esprit de corps" that Victor tries to evoke

and Desmond encourages when it happens spontaneously, may be
more difficult to bring about.

Would adults learn math

better if they were in all-adult classes?
anything by working with younger students?
alternately,

Do they gain
And,

do the younger students benefit from having

older classmates?

Research in this area is also needed.

Issues About Content and Curriculum
One of the main issues raised by this study concerns
the content and focus of basic mathematics courses in
college: What should college students be required to know
mathematically?

What math skills do they need and why?

Advances in technology have made quantification and the
logical analysis of information an integral part of such
areas as business,
medicine,

economics,

and sociology.

linguistics, biology,

The effect of computers has been

particularly great in the social and life sciences.

220

In

fact,

quantitative techniques have permeated almost all

intellectual disciplines.

However,

the fundamental

mathematical ideas needed in these areas are not necessarily
those studied in the traditional algebra-geometry-precalculus-calculus sequence,

a sequence designed for those

pursuing engineering and physical science applications.

It

seems unreasonable that those who are not pursuing careers
in the hard sciences should have to adhere to this sequence,
particularly at the basic level,

just because it has always

been the standard of proficiency for college.

Are the needs

of the students really being addressed by the traditional
mathematics curriculum,

or would a more interdisciplinary

approach serve them better?.

By what standards should we

determine mathematical proficiency and how can the
curriculum for basic mathematics courses be designed to
develop mathematical skills applicable across a wider range
of disciplines?
A second content issue I would pose revolves around the
amount of material students can be expected to learn in a
remedial or developmental course.

The underlying question

concerns the purpose of a one-semester remedial or
developmental college course.

Most traditionally taught

college remedial courses are designed to be a review of high
school mathematics.

In one semester,

students are expected

to gain proficiency in all of the mathematics topics they
should have learned in three or four years of high school.
For some students,

such a review is all that is needed.
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For

weak students,
be a disaster.

however,

this concentrated review process can

It goes too fast,

covers too much material,

assumes understanding will just happen with exposure.

Can

we expect students who hate math and have little confidence
that they can learn it,

and whose lack of understanding

begins at the fractions and decimals level,

to be

"remediated" from this level to an algebra or pre-calculus
level all in one semester, no matter how well the course is
taught?

Should college remedial courses be of longer

duration or,

as argued above,

should the purpose and,

thus,

the content of college remedial courses be redefined to
reflect more realistic expectations about how much students
can really learn in one semester?
And,

finally,

as the study progressed and it became

apparent that good teaching of adults is good teaching,

it

also became apparent that the characteristics of successful
college remedial mathematics classes identified by the study
correlate closely with those drawn from Piaget's work with
children and his constructivist perspective on learning:

the

focus on active learning, meaningful problem solving,
student-centered learning environments,

individual

differences in level of development and learning styles,
the development of higher order thinking skills.

and

Now we

must ask what more can college mathematics teachers learn
about their students'
children?

learning needs from Piaget's work with

How can we implement his educational principles

in college basic mathematics courses?
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The Curriculum and Evaluation Standards for School

Mathematics (1989) describes in detail how and why these
principles should be implemented for K-12 students.
The Standards represents the consensus of an impressive list
of NCTM professionals in the mathematical sciences,

endorsed

by an equally impressive list of national mathematical
science organizations,

about the fundamental content that

should be included in the school mathematics curriculum.
They are one facet of the mathematics education community's
response to the call for reform in the teaching and learning
of mathematics.

Inherent in the Standards is the consensus

that all school children need to learn more,

and often

different, mathematics and that instruction in K-12
mathematics must be significantly revised.

I would argue

that this need for reform in approach and methods of
teaching mathematics is as important for college mathematics
students as it is for younger children.
results of this study,

And,

given the

there is every reason to believe that

the philosophy and methods described in the Standards are as
applicable to college mathematics students as they are to
younger learners.

For those who seek better methods for

teaching remedial or developmental math at the college
level,

it would seem,

then,

that a great deal of the work

has already been done and that the Standards can be an
invaluable resource for change.

The challenge for college

remedial teachers will be to adapt the philosophy and
methods to their older students.
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APPENDIX A
QUESTIONS FOR TEACHER INTERVIEWS

I. Mathematics background
- What was your experience with learning mathematics?
- What age groups and types of students have you
taught?
i

II. The nature of mathematics and mathematics learning
- What is math?

How would you define or characterize

it?
- what is the key to learning math?

What is essential?

- what is it about math that makes it so difficult to
learn?

III. Teaching mathematics
- How would you describe the way you teach math?
- Are there differences in how you teach adults and
younger students?
- What guides your lesson plans?

IV. Successful teaching
- when do you feel your teaching is successful?

To

what do you attribute it?
- How do you know if your teaching works?
- what do you think is the problem when students don't
understand, particularly adults?
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V. Adults and mathematics
- What hinders adults learning math?

What gets in the

way?
- Do adults have anything going for them that would
help them learn math?
- Do adults learn differently than younger students?
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APPENDIX B
STUDENT QUESTIONNAIRE

1.

What is math?

How would you characterize it?

2.

How does your instructor characterize math?

3.

Describe how your instructor teaches.

4.

Describe what works for you about the way your
instructor teaches and what doesn't?

What changes

would you suggest in the way this class is taught?

5.

When you don't understand something, what do you do?
What does your instructor do?

6.

How did you feel about math and learning math before
you began this course?
(better or worse?)?

7.

As an adult,

Has that feeling changed

Why?

is learning different for you than when

you were in high school?
for you now?

Is learning math different

Please explain.
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